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Abstract

This thesis studies sheaves of ¢-principal parts 77(;(}" ), a modification of the sequence P7(F)
of sheaves of r-th principal parts. After constructing the sheaves 73;(.7: ) and undertaking
their general study in Chapter 1, we apply the sheaves 73(;(]: ) to the problem of counting
how many Weierstrass points (counted according to their Weierstrass weight) are absorbed
into a singularity in a curve degeneration in Chapter 2, and to the problem of counting lines

in a linear system in a Grassmannian in Chapter 3.
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Chapter 1

Introduction

Let X be an algebraic variety (or, more generally, a scheme of finite type) over an alge-
braically closed field k, M a line bundle over X, ¢: Qx - M an Ox-linear morphism, and
F an Ox-module.

The contents of this thesis are situated in the circle of ideas around the sequence 73;(]: )
of sheaves over X (these sheaves are indexed by integers r > 0, and depend on M, ¢ and F
in a manner that will be described below). In Chapter 2, the sheaves 73(;(}" ) are constructed
and several of their general properties are established, in Chapter 3, the sheaves 73;(.7: )
are applied to the problem of computing how much Weierstrass weight gets absorbed into a
singular point in a curve degeneration, and in Chapter 4, the sheaves 73;;(}" ) are applied to the
problem of counting the number of lines that appear in a linear system in a Grassmannian.

The sequence Py(F) is a variant (in an informal sense) of the sequence of sheaves of
principal parts P7(F); the latter is a well-known instrument in algebraic geometry.! To
help explain the analogy between 77;(.7: ) and P"(F), we begin by reminding the reader of
the sheaves P7(F) and the way these sheaves are applied. Then, we introduce the sheaves

73;(.7-" ), and summarize the contents of the individual chapters of this thesis.

!The sheaf P"(F) is sometimes called the 7-th jet sheaf of L, but we follow [Gro67] and [EH16] in calling
P (L) the r-th sheaf of principal parts (in part to avoid confusion with the scheme Hom(Spec k[z]/(z"*!), X)
that is usually called the scheme of r-jets of X).



1.1 SHEAVES OF PRINCIPAL PARTS P"(F) IN ALGEBRAIC GEOMETRY

The sheaf P"(F) of r-th order principal parts of F comes equipped with a differential opera-
tor d”: F — P7(F) of order r. The pair (P7(F),d") is the object (unique up to isomorphism)
satisfying the following universal property: for any differential operator D: F — £ of order

at most r, there is a unique induced O x-linear morphism P7(F) — £ that makes the triangle

1

Pr(F) =&

a A
f

commute.

One possible construction of P7(F) (cf. [Gro67, §16.3]) begins with the special case
Pr(Ox) =2 Pr. Let A: X - X x X denote the inclusion of the diagonal into X x X. One
defines

Pr=A* (OXXX/ZZH) 7

which is clearly a sheaf of rings. The projections p; and ps of X x X onto its first and second
factor, respectively, induce two morphisms Ox — P’ of sheaves of rings, which therefore
induce two Ox-module structures on P". By convention, P is studied with its p;-induced
Ox-module structure, and, with respect to this structure, py is a differential operator of
order 7.

The sheaf Pr(F) is then defined by
P(F)=P,® F,

where the symbol ,® indicates that the P" on the left side is taken with its ps-induced
Ox-module structure. The differential operator F — P"(F) is then defined by the formula
f = 1pr® f, where 1p- is the multiplicative identity with respect to the ring structure of P,

and f is a local section of F.



In applying P"(F), F is often taken to be a line bundle L over X, and X is frequently
assumed to be smooth. With these hypotheses, for all » > 1, there is a very useful short

exact sequence
(1.1) 0 — Sym"(Qx)® L — P(L) = P~1(L) — 0,

and as a first application of (1.1), we deduce that P"(L) is a vector bundle when X is smooth.
Locally, the differential operator L — P"(L) may be thought of as the Taylor expansions
of the sections of L up to (and including) order r. The projection map Pr(L) 3 Pr-1(L) is

locally a projection map that omits the r-th order term of the Taylor expansion.

For a singular space X, the right-exact sequence
Sym"(Qx)® L — Pr(L) = P(L) — 0

is in general not left-exact, and the sheaf P7(L) is no longer locally free. This can make

Pr(L) more difficult to work with in cases when X is singular.

We now turn to illustrating a typical use of the sheaves P"(F) in intersection theory.
Consider the following problem: given a general one-parameter family of degree d curves in
P2, how many of the curves in the family are singular?

Before introducing the method of solving the above problem that applies the sheaves
Pr(F), to get a feeling for the problem, we first consider the family of conic curves in

]P>2

[X:Y:Z] given by the equations

Co: { [X:Y:Z]eP?: X?+1Y?2= (X +tY)Z }

where t e P! = Cu{oo} (and C is given by the equation Y2 =Y 7). How many of the curves
in the family are singular?

For this example, it is not difficult to compute the answer directly — a point [X : Y : Z]



of C; is singular if and only if the 1 x 3 matrix [8Ft/(9X OF,]oY 8Ft/8Z] has rank zero
at [X : Y : Z] (F; is the equation of C}), and one checks quickly that the only values of ¢
for which the resulting system of equations has solutions (that lie on C;) are t = 1,0, co.
Therefore, exactly three of the conics are singular.

The problem can be solved by another method, which is attractively geometric, and which
can be generalized to other one-parameter families of conics. We proceed as follows. One

can check that the intersection of the curves C; (as t runs over P') consists of four points:
pr=[0:0:1],  pp=[1:0:1], py=[0:1:1],  py=[1:1:1],

which are the base points of the family {C};};p1. Since the curves C; are reduced, and no
three of py, pa, p3, ps lie on a single line, the singular elements of the family {C,} are pairs of
lines, each of which passes through two of the base points. Therefore, the number of singular
curves in the family {C;} is equal to the number of pairs of disjoint two-element subsets of

a four-element set, which is (3)/2 = 3.

t=-1 t=0 t=o00 t+-1,0,00

Figure 1.1: The (real points of the) three singular curves in the family
V(X2+tY?2=(X+tY)Z) in the chart Z # 0 of P? (the three figures starting from the
far left and going right), as well as a typical smooth member of this family (on the far right).
The four marked points are py, po, p3, P4-

It can be shown that a general one-parameter family of planar conics has exactly four
base points (and conversely, there is a pencil of conics passing through any four points in
general position); therefore, by the same argument as above, a general one-parameter family

of planar conics contains three singular curves.



We now return to the problem for a family of curves of arbitrary degree. Instead of
looking for analogues of the methods above, we translate the question into a Chern class
computation by using bundles of principal parts. This proceeds as follows.

A global section of O(d) induces a global section of P'(O(d)); writing F' in local coor-
dinates as F' = Yo, <a @i; 2y, the induced section is given by F’ = (F, 0F[0xz, OF[dy).
We see that a point p is a singular point of the curve F' =0 if and only if F’ vanishes at p.
Therefore, the singular points of the family {AF + uG = 0}[/\:;L]€JP’1 correspond to the points
where the linear combination A F’ + u G’ vanishes. The (rational equivalence class of the)
locus of the latter is co(P(O(d))) (conditional on F’ and G’ being general).

The short exact sequence (1.1) specializes to the short exact sequence

0 > Qp ® O(d) - PHO(d)) - O(d) — 0.

Therefore, ¢(P1(O(d))) = c(Qpz ® O(d)) ¢(O(d)). On the other hand, tensoring the Euler
sequence

00— Qp2 > O(-1)® - Op2 > 0

by O(d), we find that ¢(O(d—-1)®3) = ¢(Q2p2 ® O(d))c(O(d)), so that

c(PHO(d))) = c(O(d-1)®) = (1+(d-1)H)?> =1+3(d-1)H +3(d - 1)*>H>.

The problem is solved: a general one-parameter family of degree d curves contains 3(d - 1)?2
singular curves (we mention but do not elaborate on a slight subtlety — to reach the above

conclusion, it is necessary to show that each member has at most one singular point).



1.2 THESIS CONTENTS

Chapter 2. The sheaves P;(F). Continuing with the above notation, let X be a scheme
of finite type over an algebraically closed field k, M a line bundle on X, ¢: Qx - M an Ox-
linear morphism, Dy = ¢ od (or simply D) the derivation associated to ¢ (here d: Ox — Qx
is the canonical differential), and F an Ox-module. In the first chapter, we construct a
sequence of sheaves 77;;(]: ) over X, indexed by integers r > 0, and depending on M, ¢, F,
together with, for each r > 0, a differential operator F — 73;(.7: ) of order <.

Analogously to the construction of P7(F) described in the previous section, the construc-
tion of ’P;;(}" ) begins with the special case P = 'P;;(OX); P is a sheaf of rings, and comes
equipped with two morphisms ¢, ¢1;: Ox — Pj of sheaves of rings (again analogously to the
Pr case), which therefore induce two O x-module structures on Py

We adopt the convention that we work with the 1-induced Ox-module structure on P;.
In this case, [} is shown in Chapter 2 to be a differential operator of order <r.

Then, we define

Py(F) =P u® F,

where the symbol ;® indicates that the P} on the left-side of the tensor product is taken
with its ¥f-induced O x-module structure. The differential operator F — 73;(.7: ) is defined to
be the sheaf map f ~ 17>£ ® f, where ].;Dq?; is the multiplicative identity for the ring structure
of P, and f is a local section of F.

When F = L is a line bundle, the sheaf P} (L) is locally free of rank r+1 (one good feature
of Pi(L) is that this is true even when X is singular!). We now give a local description of
the differential operator L — P;(L), which may illuminate how the bundle P;(L) depends
on the choice of morphism ¢: Qx - M.

Suppose that s: U - M and t: U — L are local frames of M and L, respectively, over
an open set U c X, let £ = ft, feOx(U) be a section of L, and define the symbol th(f)



inductively by:

Dg,t(g) :f> D(f) = D;,t(f)sa ey D(Ds,t(g)) = D‘]::;l(g) S,

Then there is an induced frame for P;(L) over U (that depends on s and ¢) with respect

to which the morphism L — P;(L) takes the form

(1.2)

fH(DS,t(S) D (&) D3,(8) Dg,(&) D;“,t(ﬁ))
) | | 1 A

which we may informally think of as a Taylor expansion of £ in the derivation D = ¢ od.
When X is smooth and ¢ is surjective, we can interpret the derivation D associated to
¢ as a directional derivative along directions prescribed by ¢. This proceeds as follows. The

kernel of ¢ is a rank (dim X — 1) subbundle of Qy, and we have a short exact sequence
0 - ker(¢) » Qx - M -0,

which dualizes to the short exact sequence
0—> MY —>Tx — ker(¢)” - 0.

Therefore, in this case, the data of ¢ is equivalent to a foliation MY c T.

For each point p of X, the derivation D = ¢od associated to ¢ is the directional derivative
in the direction (M"),. Therefore, we may roughly think of P}(L) as a vector bundle that
records the first 7 iterations of a directional derivative of sections of L along directions that
are prescribed by the choice of morphism ¢.

A good feature of the bundles Pj(L) is that, over any X (including the singular case),

the P;(L) fit into the short exact sequence

0->M®®L-Pj(L)—>P;"(L)~0



that is analogous to the sequence (1.1). In particular, combining this short exact sequence

with induction on 7, we show in Chapter 2 that the Chern classes of P;(L) are given by

r+1-k
L et

cm(Py(L)) = ga(r +1,r+1-k) (

where o(n, k) are Stirling numbers of the first kind.

Another good feature of the sheaves ’P;(}' ) is that they behave well with respect to
pullback. More precisely, let 7: Y — X be a morphism of schemes, M be a line bundle on
X, F be an Ox-module, and ¢x: Qx - M and ¢y : dy - 7*M be morphisms of Ox- and
Oy-modules, respectively, such that 7*¢x = ¢y o dw. For each integer r > 0, there exists a
morphism

V(F) (P (F)) = Py (" F)

that is an isomorphism of Oy-algebras (the pullback of Py (F) is taken with respect to its
Y7-induced Ox-module structure, and P(’z;y(ﬂ*]: ) is taken with its ¢;-induced Oy-module
structure). The isomorphism " (F) is also well-behaved with respect to global sections.

The above behaviour of 73;;(]-" ) under pullback is crucial for both of the applications of
P;, (L) studied in Chapters 3 and 4.

Chapter 3. Weierstrass weight absorbed by a singularity. The remaining two
chapters of the thesis are devoted to applications of the sheaves ;(.7-" ).

Some of the motivation for the investigations of Chapter 3 arises from our attempt to
generalize the following two classical examples — in a one-parameter family of elliptic curves
that degenerate to a cuspidal cubic, exactly eight of the nine flex points are absorbed into
the cusp; similarly, in a one-parameter family of elliptic curves that degenerate to a nodal
cubic, exactly six flex points are absorbed into the node.

In Chapter 3, using P;;(L), we extend this pair of results to situations in which a collection

of Weierstrass points (of a family of linear series {|V;|};p1 on a family of curves {C} }yp1, where



each C} is contained in a fixed smooth surface) approaches a singularity.

To compute how many Weierstrass points (counted with multiplicity equal to their Weier-
strass weight) get absorbed into the singular point, we proceed as follows.

Let C be a curve contained in a smooth surface S, p € C' be a singular point, L be a
line bundle on C, and V' c H°(C, L) be a linear series. We define the Weierstrass weight
of [V| =PV at p by analogy with the smooth case, namely as the order of vanishing of the
determinant of the morphism

V B OC - P;(L)v

where the morphism ¢: Q¢ - we is constructed by choosing a local equation f =0 of C over

an open set U c S, restricting the local morphisms Qg(U) - Kg(C)(U) given by

d

W WA —

to C', and checking that the restrictions do not depend on the choice of f, which allows
gluing the restrictions to a global morphism ¢.

We prove in Chapter 3 that the construction of ¢ is well-behaved in families (in a precise
sense), and, as a consequence, that in a neighbourhood of the singular fibre, the sum of the
Weierstrass weights of the points that are absorbed into the singular point is equal to the
Weierstrass weight at the singular point.

We also develop a way of computing the Weierstrass weight of a (possibly singular) point
in terms of quantities defined on the normalization of C'. This proceeds as follows.

Let 7: C - C be the normalization of C', A be the adjoint divisor of 7 (a clasically-
studied divisor on C'), and -A: Q5 — Q5(A) be the morphism given by multiplication of the

local equation of A. We show that

7 (Py(L)) 2 PA(7*L),



10
and deduce that the Weierstrass weight at a (possibly singular) point p € C' is equal to

(n+1
2

)degA+ Z w(r),

renr—1(p)

where n + 1 = dim;, V', and w(r) denotes the Weierstrass weight of the pulled-back linear
series m*V. We find this result to be of independent interest, but it also yields a convenient
way of computing the Weierstrass weight at a singular point and, therefore, of computing

how much Weierstrass weight is absorbed into a singular point in a curve degeneration.

Chapter 4. Counting lines in a linear system in a Grassmannian. In Chapter 4,
using P;(L), we count the number of lines that appear in a linear system in a Grassmannian
(in its Pliicker embedding).

Let F1(X) denote the Fano variety of lines in X c PV, i;(X) denote the universal family
over F1(X), L be a line bundle on X, and V c H°(X, L) be a linear series (of a degree d
and dimension n + 1, where d and n + 1 are chosen such that finitely many lines are expected
to appear in |V]). To set up the count of the number of lines that appear in |V| as a Chern

class computation, we consider the projections

Ao R=""210'¢
x

X.

The morphism ¢ (that is used for P;(L) in Chapter 4) is by definition the morphism given

by the cotangent sheaf exact sequence
* é
WFQFl(X) — Qul(x) — QLﬁ(X)/Fl(X) — 0.

We show that the (rational equivalence class of the) locus of lines that appear in |V is (the
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pushforward by 7x of) the locus of points where the morphism
V&, Ou,(x) — PQ(W;(L)

does not have full rank, which by the Thom-Porteous formula is equal to
TX % CdimFl(X)(’Pg(W;(L))'

For X = G(k,n) in its Pliicker embedding, we obtain the following formula: setting

-1
(nk ), 1=n-1,

M iv1\(i+1-a) 1
Z(Z+ )(Z+ ) 1>n-1,

a J(@i-n-a) (n-k-1-a)l(n+k-i+a)l’

where

m; = max(i-n -k, 0),

M; =min(i-n,n-k-1),

the number of lines that appear in a linear system of degree d and projective dimension

d-(k+1)(n-k)-n+3 (and subject to certain additional hypotheses) is

k i 2n-1 . d+1-i (f-i+1)!
—_ -1)"o(d+1,d 1—'( )Bidf‘l—
g(n—k’nLE)! 1':;1( ) old+1, d+ 2 f-i i-n+1 "

where o(n, k) denote Stirling numbers of the first kind.
As special cases, we recover the well-known facts that a cubic surface in P3 is expected
to contain 27 lines, a pencil of K3 surfaces in P2 320 lines, a quintic threefold in P* 2875

lines and, perhaps less well-known, a degree 4 hypersurface in G(1,3) 1280 lines.
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1.3 INTENDED APPLICATION TO NEWTON-OKOUNKOV BODIES

The purpose of this section is to describe the connection of the origins of this work to a
branch of current research, namely the theory of Newton-Okounkov bodies.

The theory of Newton—Okounkov bodies is a relatively recent development within Alge-
braic Geometry, with the two founding papers of the field ([LM09] and [KK12]) appearing
in publication in 2009 and 2012.

One of the origins of the theory of Newton—-Okounkov bodes lies in the fact that the

volume of a line bundle L on an irreducible variety X of dimension n, which is defined as

. ho(X, Lem
vol(L) =volx (L) = hg_}scgp W
([Laz04, § 2.2.C]) has the log-concavity property
(1.3) vol(L® L')!/" > vol(L)!™ +vol(L')'/",

where L, L' are any two big line bundles ([Laz04, Remark 2.2.50]). In [Oko03], Okounkov
was able to define, given a line bundle L, a convex body in R™ whose Euclidean volume was
equal to volx (L). The log-concavity property (1.3) was then obtained as an application of the
Brunn—Minkowski inequality. The aforementioned papers of Lazarsfeld-Mustata and Kaveh—
Khovanskii then systematically studied Okounkov’s construction, and laid the foundations
of this subfield.

We now define a Newton-Okounkov body.

Let X be an irreducible variety of dimension n over an algebraically closed field k, and
let

Y, : Yy2Y>-2Y,;0Y,

be a flag of irreducible subvarieties of X, such that codimyx Y; = for all 0 <7 <n, and Y;;

is a Cartier divisor in Y; for each 0 < ¢ < m —1. For any line bundle M on X, a function
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vy, HO(X, M)~ {0} - Z" is defined as follows. Let s € HO(X, M)~ {0}.
First, define

v1(s) = ordy, (s).

Let f; be the local equation of Y] in Y in a neighbourhood of Y,,. Then, dividing s by ffl(s),
we obtain a section §; of H(Yy, L ® Oy,(-v1(s)Y7)) that does not identically vanish along
Y;. Let s = §1|Y1, set

v9(s) = ordy,(s1)

and proceed similarly to define v3(s),...,v,(s).
Now, let L be a big line bundle over X. The Newton—-Okounov body Ay, (L) associated

to L and Y, is defined as follows.
Ay, (L) = Closed convex hull ( U ow. (H°(X, L®™) {0})) :
m=1

We say that a Newton—Okounkov body is finitely-generated if there exists an integer

N >1 so that
N
Ay, (L) = Closed convex hull ( U ov. (HO(X, L®™) ~ {0})) .
m=1

Note that if Ay, (L) is finitely-generated, then it is a convex polytope.

The paper [And13] of Dave Anderson shows that if Ay,(L) is finitely-generated, then
there exists a degeneration of X to a variety whose normalization is the toric variety that
corresponds to Ay, (L).

This interesting result (that was applied to the construction of integrable systems by
Harada and Kaveh in [HK15]) raises the problem of finding criteria for finite-generation of
Newton—Okounkov bodies.

In unpublished work, we have studied how vy, (H°(X, L) \ {0}) varies as Y, varies in a
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flat family over an irreducible base T'. To describe the result, let

yo : yo:)"':)yna

be a flag, with )V = X xT', with each ); flat and surjective over T', and with Y; ; an irreducible
Cartier divisor in Y;_;; for each ¢ € T" and each 1 <7 <n. Let L be a line bundle over X.
Then one can show that the collection of images vy, ,(H°(X,L) \ {0}) as ¢ varies over all
points of T is finite, and therefore can be totally ordered! (This fact was shown in the paper
of Lazarsfeld-Mustata [L.M09].)

We have been able to prove that T is stratified by the image of the valuation vy,, in the
following sense:

Write

U vvas (HO(X, L)~ {O}) ={wo, .., WR},

teT
with w; < w;yq in lexicographic order on Z?. Suppose that h9(X,L) = r+ 1. For a Young

diagram A = (g, ..., A,) fitting inside a box with r + 1 rows and R - r columns, define

W, := {t €T : vy, (HO(X,L) \ {0}) = {W0+AT> Wiia s Wr+/\0}} cT.

In unpublished work, we have been able to prove the following theorem.

Theorem. The subsets W, make up a locally-closed stratification of T'. If the subset W, is

contained in the closure of W, , then the diagram p dominates .

Examples. (i) When X is a curve, it is natural to choose T'= X and Y, : X x X 2 Ax.x.
The subsets W), are: the open set of non-Weierstrass points, and the sets of Weierstrass
points with some fixed vanishing sequence.

(ii) Let X c IP3 be a smooth cubic surface and L = Ops(2)|y. Consider the family of flags
composed of a fixed line £ ¢ X and a varying point p of ¢. Restricting L to ¢ gives a 2:1 map

from P! to itself. The image of vy, depends on whether or not p is a ramification point of
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this map:
Vg
L ]
[ 3 [ 3
o o o o o o
o o o o o
(0,0)® o @ (0,0)® o @ (0,0)
U1

Figure 1.2: On the left: vy, (H°(X,L)~\{0}) when p is not a ramification point (such flags
define the locus Wy in 7). In the center: vy, (H°(X, L)~ {0}) when p is a ramification
point (such flags define the locus Wy 1y in T'). On the right: the Okounkov body of L, which
does not depend on the flag as a convex body, but which is finitely-generated when p is a
ramification point and not finitely-generated when p is not a ramification point.

The theorem suggests that if Ay, (L) is not finitely generated for some ¢ € 7', then it is
not finitely-generated for all ¢ in a very general subset of T (but we do not have a proof of
this in general).

Because general families of flags whose base variety has sufficiently high dimension contain
flags whose Y, is a singular point of at least one of the Y;, to better understand the problem
of varying Newton—Okounkov bodies in families, it appears necessary to extend the definition
of Ay, (L) to such flags.

The investigation of the behaviour of Weierstrass weight in curve degenerations that
appears in Chapter 3 of the present thesis is a first step towards studying Okounkov bodies
where Y,, is a singular point of some Y;.

Although the results of this thesis have no direct relation with the theory of Newton—
Okounkov bodies, our attempts at studying the variation of Newton-Okounkov bodies with
the flag led us to investigate the modification of the usual principal parts sheaves that is
presented here. In future work, we intend to apply Pg(}" ) to further investigate the variation

of Newton—Okounkov bodies.
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1.4 CONVENTIONS

(Unless noted otherwise:)

The symbol N denotes the nonnegative integers.

The symbol c denotes arbitrary inclusion (not necessarily proper); the symbol ¢ denotes
proper inclusion.

Sheaves are denoted by calligraphic roman letters, with the exception that vector bundles
and their associated locally free sheaves of sections are identified with each other, and are
usually both denoted by capital roman letters.

Schemes are assumed to be reduced and finite-type over an algebraically closed field k of
characteristic zero.

Notation for derivations — let X be a scheme, M be a line bundle over X, and ¢: Qx - M
be a morphism of Ox-modules. Precomposing ¢ with the differential d: Ox — Qx gives a
derivation ¢pod: Ox - M, which (unless otherwise noted) will be denoted by D, (or simply
D) in what follows. Conversely, by the universal property of {2x, a derivation D: Ox - M

induces a map ¢,,: Q2x - M of Ox-modules such that D = ¢, od.
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Chapter 2

Construction and basic properties of sheaves of

¢-principal parts Pj(F)

Let X be a scheme, M a line bundle over X, and ¢: (2x - M a morphism of Ox-modules.

We begin this chapter with an inductive construction of the collection {P%, U7, ¥f;, 7" }ren,
where 73; are sheaves of rings over X, depending on ¢, equipped with maps ¥y, ¥f;: Ox — 73;
of sheaves of rings (¢f and t¢j; therefore induce two Ox-module structures on 73(;)7 and
7 : P} — P~ are projection morphisms.

The analogy between P and the usual sheaves of principal parts P was introduced in
Chapter 1; the interpretation of the morphism ¢f,: Ox — P as a kind of r-th order Taylor
expansion in the derivation D = ¢ o d (when P is taken with its ¢7-induced O x-module
structure) was likewise mentioned in the introduction.

Our interest in constructing and studying the sheaves P, arises mainly from their ap-
plications, two of which are described in Chapters 3 and 4. In Chapter 2, we will focus
on establishing formal properties of P’, many of which will be useful for studying the two
applications.

We now summarize the results that are established in this chapter.

Following the inductive construction of {73;;, YT, Y, T }ren, we show (in Corollary 2.3)
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that the projections 7" fit into the short exact sequence
0 — Mo — P; 5 Pl — 0

and conclude by induction on r that the 73; are always locally free (with respect to either of
the two Ox-module structures), even when X has singularities.

Because the sheaves P} are always locally free, they can be useful for extending construc-
tions made using the usual principal parts sheaves to situations when X is singular — an
application along these lines is described in Chapter 3.

For fixed r and 1 < k < r, we define the vector subbundle N, c ’P; as the kernel of the
composition 7% oo 7L o 77 P; — Py~ and show (in Theorem 2.7) that the sequence
{N;x}r defines a multiplicative decreasing filtration of 73;;.

The filtration by N, is a basic property of P" in its own right, but also provides a tool
for proving (in Corollary 2.9) that the morphism y; is a differential operator of order < r
with respect to the ¢-induced Ox-module structure on P” (and that reciprocally, ¢ is a
differential operator of order <r with respect to the ¢;;-induced Ox-module structure).

For an Ox-module F, we define Pq’;—modules
P;;(F) = P(; H® F

and extend to 73;(]: ) both the differential operator 1/;;, and the filtration of P (the extensions
are denoted ¢ (F) and NV, x(F), respectively). At the end of the section, for V c HO(X,F),

we construct the morphism

Ve,0x - 'P;(]:),

which will be very useful in Chapters 3 and 4.
In §2.3, we describe in local coordinates the product structure of P”, the morphisms

Yy, ¥y, 7, and the filtration by N, ;. This description is useful technically for performing local
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computations, and is intended to illuminate the inductive construction of 73;. In subsection
1.3.1, we describe a method for computing the transition functions of the vector bundles P’,
which is not directly applied elsewhere in the thesis, but which we find to be of independent
interest.

The lengthy §2.4 culminates in Theorem 2.24, which we will refer to as the functoriality
theorem, and which will be key for both of the applications of Chapters 3 and 4. The

statement is:

Theorem 2.24. Let w:Y — X be a morphism of schemes, M be a line bundle on X, F be an
Ox-module, and ¢x: Qx - M and ¢y : Qy — 7 M be derivations such that 7 ¢x = ¢y odm.

For each integer r > 0, there exists a morphism
V' (F)em (Ph (F)) = Ph, (7 F)

that is an isomorphism of Oy-algebras (the pullback of [ (F) is taken with respect to
its 1 -induced Ox-module structure, and Py (7*F) is taken with its ¢;-induced Oy -algebra
structure).

Moreover, let V.c HY(X,F), and 7*V be the pulled-back linear series. Then the diagram

(V& Ox) — 7 (P} (F))
l " (F) ]2

™V ®, Oy — ,Pé;y(ﬁ*j:)
commutes.

We kindly refer the reader to the introduction of section §2.4 for a more detailed outline
of the proof of Theorem 2.24.

In §2.5, we show as a consequence of the functoriality theorem that the bundles P(’;(E)
(where E is a vector bundle) are well-behaved in families. This result will be applied in

Chapter 3.



20

We finish the chapter by finding in §2.6 general formulas for the Chern classes cm(P;(L))
in terms of the Chern classes of L and M. Namely, we show that (Theorem 2.29) for any

0<m<r+1, we have

en(PI(L)) = kioa(r clrel-k) (T;l__kk)cl(L)m"“ e (M)F,

where o(n, k) denote Stirling numbers of the first kind. These formulas will be especially

useful in Chapter 4.

2.1 INDUCTIVE CONSTRUCTION OF 73;

Our construction of {P}, 7, i}, 7" }rey proceeds by induction on r:

r=0: Set
Pg = OX and @D? = Ib% = id@X .

The ring structure on 732 defined to be the usual ring structure on Oyx. It is clear that
Y and Y are maps of sheaves of rings; consequently, 1Y and v, induce two Ox-module
structures on 732 in the usual way.! (The two Ox-module structures coincide for Pg for the

trivial reason that ¢ = ¢, but do not in general coincide for r > 0.)

l:=idp, @0,
qus =0xe M and Ui Ox
wIlI = idoX eD.

(Here, as above, D = ¢ o d is the derivation induced by ¢.)

'For an open subset U ¢ X, f € Ox(U) and s € ’Pg(U) = Ox (U), the ¢;-induced Ox (U)-module structure
on ’Pg(U) is defined by f-s:=%{(f)s, where the product on the right-hand side of the equality is taken in
the ring Pg(U); similarly, the v;;-induced Ox (U)-module structure on Pg(U) is defined by f-s:= ¥ (f)s.
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The map 7! is defined to be projection onto the first direct summand:

Oxeo M — Ox

| |
1 _m 0
Ps ~%ei® Po
The ring structure on P is defined as follows. Let U ¢ X be open, and let (f,s) and (g,t)

be sections of P} (U) = Ox(U) ® M(U). Define

(f,s)-(g,t)=(fg, ft+gs).

The section (1,0) is the multiplicative identity, and is denoted by Lpy or simply 1.
The maps ¢{ and 1]; are morphisms of sheaves of rings,? hence { and ¢y, induce two

O x-module structures on 73;.

r>2: Set

wf = id()X @0,

(2.1) Py=0Oxe@(P;'y® M)  and
1%"1 =idp, ® (173;—1 ® D) .

The symbol ;;® indicates that the tensor product is taken with respect to the Ox-module
structure on 73;*1 that is induced by ¢ that is, for U ¢ X open, and sections f of Ox and

g®sof Pyt ;@ M over U,

flg®s) =W (flg) ®s=ge(fs).

ZFor vj;, this is a consequence of the fact that D is a derivation— for an open set U c X and a section f

of Ox over U, ¥i1(fg) = (fg, D(f9)) = (fg, fDg+gDf)=(f, Df)- (g, Dg) =i (f) i (g).
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The map 7" is constructed inductively:

ido,, (7" '®idar)
\

Ox e (P;" 1© M)

The sheaf ’P;;‘l n® M is a P(’z;‘l—module in the natural way, which lets us define a product
structure on P} as follows. Let U c X be open, and let (f,s) and (g,?) be sections of
Pi(U) = O0x(U) e (P;' 1@ M) (U). Define

(f7 5) PyU) (g7t) = (fg7 7T-T(f? S)t + Wr(gjt)s),

The multiplicative identity is equal to the section 1@ 0, which we denote by 17:; or simply 1.
The maps ] and v]; are morphisms of sheaves of rings, hence induce two Ox-module

structures on 73;;.

Remark. The inductive step makes sense with r = 1, and in this case produces the same P(zl)
(including the ring structure), 17, ¢f; and 7! as constructed above, so it is sufficient to take

r =0 as the base case.

2.2 BASIC PROPERTIES OF Py(F)

Throughout this section (unless otherwise noted), r denotes an integer > 1.

Proposition 2.1. The map ©" is a morphism of sheaves of rings. We have 7™ = 17 o 47
and Y7t = w0l Consequently, ©" is a morphism of Ox-algebras with respect to either
the Ox-module structures on P, and ’P;‘l induced by the maps Y7 and Y7~' (resp.), or the

Ox-module structures induced by the maps ¢f; and Y7t (resp.).

Proof. The first two statements can be verified by simple computations (and induction on

r). The last statement follows immediately by combining the first two statements. O]
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Proposition 2.2. The kernel of © is isomorphic to M®" (as an Ox-module) with respect to
either the ] or [, Ox-module structure on Py Consequently, the Y[ and ¢} Ox-module

structures of P coincide on ker(n").

Proof. We prove that ker(n”) 2 M®" as Ox-modules (with respect to either Ox-module
structure on 73;5) We proceed by induction on 7.
Forr =1, 73; =0Ox®M and 7': Ox®M — Oy is projection onto the first direct summand.

It is clear that ker(7!) =0 @® M. We compute that

() - (0,m) = (£,0)-(0,m) = (0, fm)  and
wllI(f) : (Ovm) = (f7Df) : (Ovm) = (07 fm)7

which shows that either of the Ox actions on ker(n!) agrees with the natural Ox action on
M. Therefore, ker(n!) @ M as Ox-modules, and the statement is established for r = 1.

Suppose that the statement is true for r — 1.
By definition, 7" = idp, @ (77! ® idj;), so that ker 7" = 0@ (ker(7"!) ;® M). Let U c X
be open, k € ker(n"1)(U), m e M(U). We compute that

Ui (f)- (0, k@m) =(f,0)-(0, k®m) = (0, 7"((f,0))- (k®m)+0) = (0, (v{ " (f)-k) ®m) and
Yi(f)- (0, kem) = (f,1®Df)- (0, kem) = (0, 7" ((f,1®Df))- (kem)) = (0, (Vii " (f) k) ®m).

By the inductive hypothesis, the ¢7~! and ¢f;! Oy actions coincide on ker(n"1), and are
isomorphic to the natural Ox action on M®-1. Together with the above two computations,
this shows that ker(n") = M®" as sheaves of abelian groups, and that the 97 and ¢, Ox
actions on ker(7") are isomorphic to the natural action on M®". The statement follows for

all » by induction. O]

Corollary 2.3. The sequence of Ox-modules

T r T r—1
(2.2) 0— M®" — Py = P, — 0
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is short exact (here M®" — Pg is the inclusion of the kernel) with respect to either the 1,

Ox-module structures on 73; and 73;*1, or the ¥ Ox-module structures on 77; and 73;’1.

Proof. 1t remains to prove that 7": Py~ 73(;;*1 is surjective. This has a simple proof by

induction on r. O

Corollary 2.4. The sheaf Py is locally free of rank r +1 with respect to either its ¢¥f Ox-

module structure or its ], Ox-module structure.

Proof. 1t is clear that 772 = Ox is a locally free Ox-module of rank 1 with respect to either
of its Ox-module structures (in fact, the two structures coincide in this case). Since M®" is
locally free of rank 1, the corollary follows by induction on r using the short exact sequence

(2.2). O
We record how the two Ox-module structures on P;, look locally:

Proposition 2.5. Let U c X be open. For f, ge Ox(U) and t e (P;" y® M)(U),

Ui(f) - (g.8) = (fg, v (f)t)  and
v (f) - (9,1) = (fg, Ui (f)t +7"(g,1) ® Df).

Proof. Both computations follow immediately from the definitions (and the facts that 7! =

n"or and iyt = 7" o ¢)f; (Proposition 2.1)). =

Remark. The sheaves 73; will not in general be studied with the natural O x-module structure
induced on the direct sum (the one given by f-(g® (s®@m)) = (fg) & (¥ (f)s) ® m)
for f, g € Ox(U), s € Py (U), m € M(U)), as this structure seems to not have a good

interpretation in terms of the derivation D and its iterates.

Filtration. In this paragraph, we construct a filtration of P, by vector bundles.
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Let r and % be integers with r > k> 1. Denote by 7% the composition of projections

Wr,k = 7Tk ° 7Tk+1 0.r0 7.‘_1"71 on": IP;’) N qlgfl'

The map 7" is a morphism of Ox-algebras (where P} and 73!;‘1 are either both ;-modules
or both v;;-modules). Define
N, = ker(7"F).

The Ox-module NV, fits into the exact sequence

ﬂ_'r,k

0= Ny — P, = Pt =0,

and is therefore locally free of rank r+1 - k.

Also, define
Neg:=0fork>r+1 and Ny = 73; for k£ <0.

For r—1>k >1, we have the diagram

0

1
M,k+1

o

0= Nop —> P, —> Pyt =0
s
P
1

0
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Therefore, we have the inclusions

N -/\/;‘,r+1 — -/\/;",r — Nr,r—l — '/\/’7’,1 — NT,O —

I
0 M P

and so (N x), 18 a decreasing filtration of Pj.

Now, suppose that " >r >k >1. We have the diagram

0 — Ny — Py

LN

0 — Nop — P, — Pt — 0

Let 7 >0 and j, k be integers. Identify the subsheaves N, ; with their images in P We

would like to establish that the filtration (N, ),., is multiplicative, in the sense that
(2.3) Nij N € Ny ja,

where A, ;- N, denotes the product of ideal sheaves in Pj.

We begin by establishing the following lemma:

Lemma 2.6. Let r > 1 and k be integers. Let U c X be open, and suppose that (f, s®m) is
a section in N ,(U) ¢ Py(U) with m # 0 (here f € Ox(U), s e Py (U), me M(U)). Then

s is a section in Ny_q x-1(U).

Proof. Suppose first that r > k > 2. We may assume that U is affine. Chasing (f, s ® m)

through the commutative diagram

r r—1 k

(s ﬂ' \ r—1 ™ N .. T \ k-1
P¢ 4 Pd) 4 4 P¢

Oxe (P, 'y @ M) — Oxe (P2 @ M) — - — Ox @ (Pk2 1@ M)

we see that 7"*((f,s ® m)) = (f, 7"V*1(s) ® m). Since M(U) is a flat module (it is
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projective) and m # 0, we have 77~bk=1(s) @ m = 0 if and only if 77=1F=1(s) = 0, which shows
that s € ./\/;,_17k_1(U).

The cases when k <1 and when k£ > r are immediate. O

We proceed to show that the filtration of P;; by N,k is multiplicative.

We first show that N, ;- N, x = 0 whenever r < j + k. We proceed by induction on r. The
base case r = 0 is immediate. Suppose now toward induction that N,_y ;- N,_1 = 0 for all
integers j, k with 7 — 1 < j + k. We show that then N, ;- N, = 0 for all integers j, k with
r<j+k.

Suppose first that j > 1 and k> 1. Let U c X be open, and let (f, s®m) e N, ;(U) and

(g, t®n) e N, (U).3 Their product is

(f,s@m)-(g, t@n)=(fg, 7" ((f, s@m))(t®n)+n"((g,t®n))(s®m))

=(fg, (=" ((f, s@m))t) @n) + ((x" ((g, t®n))s) @m)).

Since j > 1 and k > 1, we have f = 0 and g = 0, respectively. Since (as was shown

above) "(N,.;) = N,_1; and 7" (N, k) = Noo1g, we have 77((f, s ® m)) € N,_1;(U) and
7 ((g, t®n)) € N,_1,(U). Finally, by the lemma, if m # 0 then s € N;_y ;1 (U), and if n # 0
then t € M‘—l,k—l(U)-

Therefore,

either 7" ((f, s®m))t iscontained in N,y -No14-1=0  or n=0, and

either 7" ((g,t®n))s iscontained in N1, -N,_1,-1=0 or m=0,

and so (f, s®m)-(g,t®n) =0. These computations show that A, ;- N, =0 in the case

when 7 > 1 and k£ > 1. In the remaining cases, one of j, k is < 0, hence the other is > r, so
M",j 'Nr,k =0.

*Here f, g€ Ox(U), s, t e Py~ (U), m, n e M(U).
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We now show that N, ;-N,. . ¢ N, ;. for any integers > 0 and j, k with r > j+k. Suppose

first that 7 > 1 and k£ > 1. We have the commutative diagram

P;
j-1 J+k-1 k-1
It was shown above that 779*k (N, ;) = Nji,_1; and 779% (N ) = Njig-1x. Since 7%k is a
morphism of sheaves of rings, 779*% (N, ;- N, i) = 7% (N, ;) 7"*F (N, ) = Nisko1,j-Njek-1.k-
But since j+k—-1 < j+k, it follows by the previous case that N1 j-Njik-1% = 0. Therefore,
N i Nk € N, jop when j > 1 and k > 1. In the remaining cases, at least one of j, k is < 0 and
the result is immediate since the filtration is decreasing.
This establishes that the filtration of 73; by N,k is multiplicative.

In summary:

Theorem 2.7. The sequence of vector bundles (N,.x)rez constructed above is an (exhaustive

and separated) decreasing multiplicative filtration of P’ , in the sense that

Nij o Nog for any integers j < k and

Nij Neg € Nojin for any integers j, k.

Remark. 1t is immediate from the above that the associated graded algebra of the filtration

of P by N,k is isomorphic to Ox @ M@ (M @ M) & --- & M®".

Differential operators. Let F and G be two Ox-modules, and let r» > 0 be an integer.
We recall ([Gro67, §16.8]) that a differential operator 1: F — G of order <r may be defined
inductively as follows. Define a map v to be a differential operator of order < 0 if ¢ is an
Ox-linear. Then, supposing that a differential operator of order < (r — 1) has been defined,

define a map 1 to be a differential operator of order < r if for every pair of open sets V c U
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in X and every function f in Ox(U), the map ¢;: F|,; - G|, given by

wr(s) =(fs) = f(s)  for any s e F(V)

is a differential operator of order < (r—1).
Theorem 2.8. Let r >k >0 be integers. Let t be a global section of N, .

(1) The map f e Ox(U) = ¢i(f)t is a differential operator of order < k with respect to

the Y1 Ox-module structure of Pj.

(1t) The map f € Ox(U) = ¢7(f)t is a differential operator of order < k with respect to

the ¢y Ox-module structure of Py.

Proof. We begin by observing that because 7! o ¢)f = 7"l o)l =ido,, (¥ — ;) (U)(f) is
in NV;1(U) for any U c X open and any f € Ox(U).

(i) We proceed by induction on k. We first establish the case k = 0. Suppose that ¢ is in

N (X) = M®(X):
0— Ny — P55 Pyt — 0

M®r
It is required to show that the map f+ ¢f(f)? is Ox-linear with respect to the ¢ action.

But by Proposition 2.2, the ¢/7 and ¢!} actions coincide on N, so that for any g € Ox(U),

19t = ¥n(9) (n(H)t) = v (9) (Yr()t),

since Y (f)t is in N, (U). Therefore, f = ¢f;(f)t is Ox-linear (and hence a differential

operator of order < 0).

Now suppose that the map f ~ 9f;(f)t is a differential operator of order < (k —1)
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whenever t e N,.,_4-1). Let V.cUc X, feOx(U), se Ox(V). We compute that

n(fs)n = f oy Yu(s)t = ¥ (st = or (f)vn(s)t
=¢n(s) (Wn(f) - v ()t

The product (¢7,(f) =41 (f)) tis in Ny - Nk € Nope-1). The map s = ¢p(fs)t = fop(s)t
therefore has the form s — ¢ (s)t’ with ¢’ € N, ,_-1); by the inductive hypothesis, this map
is a differential operator of order < (k —1). Therefore, the map f e Ox(U) = ¢5(f)t is a

differential operator of order < k.
(ii) The proof is similar to the proof of (i) (switching the roles of ¥ and 7). O
As an immediate corollary, we obtain:

Corollary 2.9. The map ¢j;: Ox - P, is a differential operator of order <1 with respect to
the [ -module structure of P); reciprocally, the map ¢7: Ox — 73(; 1s a differential operator

of order <1 with respect to the Y[-module structure of Py

Proof. The first statement is implied by part (i) of Theorem 2.8, and the second statement

is implied by part (ii), both with ¢ = Lpr (which is a global section of N, ). O

We remind the reader that there exists a differential operator d”: Ox — P" of order r,
such that the pair (P7, d") satisfies the following universal property ([Gro67, §16.8]): for any
Ox-module G, and any differential operator : Ox — G of order < r, there exists a unique

Ox-linear morphism P” - G that makes the following triangle commute:

pr_2 g

djy

Therefore, as an immediate consequence of Corollary 2.9, we obtain Ox-linear morphisms
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Pr — P; making the following triangle commute:

Let A be the diagonal of X x X, and let Zn be the ideal sheaf of the diagonal. Let m; be
the projection from X x X to the first factor (we are following the usual convention that
Pr=(m1)« (Oxxx[IR), cf. [Gro67, §16.3,16.7]). Then for any r > k—1 > 0, we have a short

exact sequence

0 — (m).ZX/I3H — Pr — PEL — 0

and consequently, by the uniqueness of the induced maps P" — P, we have the following

commutative diagram with exact rows

0 — (m) I/ — PP ——— P+ = 0

AN
Ox

(2.4) y st
o N
\ \ r \ k-1
O 7 r,k 7 P¢ 7 ,P¢ _> O
We conclude this paragraph with two minor asides.
Remarks. (i) In the special case of (2.4) when k-1 = r -1 , we have a surjection

Sym” ((m1).Za/Z%) = (m1).ZR/ZK?, as well as identifications (71).Za/Z3 = Qx and N, 2
Me®" = Sym"(M). We thereby obtain a map Sym"(2x) - Sym” (M), which may be shown
(by a laborious inductive computation) to be equal to r!Sym"(¢), where ¢: Qx — M is the

defining derivation of Pj.

(ii) In general, the vector bundle P} does not split into a direct sum of line bundles.
However, fixing one of the Ox-module structures on Py, there is an isomorphism (of Ox-
modules) of P} and the direct sum Ox @ (P} ;® M) (in general, the isomorphism depends

on the choice of Ox-module structure). For the 1, structure, the identity map gives the
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desired isomorphism. For the v, structure, since the diagram

Ox ido
il N

0—>7?(;—1H®M—>7>(gﬂ73(9x—>0

of Ox-modules commutes, it follows by the splitting lemma that the map Py~ @) X@(P;‘l u®
M) given by 7! @ (idp; —f; o 7TT’1) is an isomorphism. On elements, this isomorphism may
be described as follows: for U ¢ X open, f € Ox(U) and s € (P! ;@ M)(U), the isomorphism
18 (fa S)'_)(fv S_(]-®Df))

Ox-modules with 73;; coefficients. Let F be an Ox-module. For any r > 0, we define

(The symbol [;® again indicates that the Ox-module structure taken on P, is the one induced by
the map 1.)
Define a morphism of sheaves of abelian groups

F(U) = Py(F)U)

(2.6) F = Py(F) by for U c X open.

8|—>173;®S

Since the triangle

P(F) =P oF — Py F = Py(F)

-

commutes, F — 73;(.7-" ) is a differential operator of order <.
The sheaf 73';(]: ) is a P;—module in a natural way. For each pair of integers r, k, define
(cf. [Del71, 1.1.12])
Noo(F) :=Tm (N, 1® F > P 1@ F).
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The N, x(F) are again Pj-modules, and the collection (N, ;(F))rez is a decreasing filtration
of P} (F) with the property N, ;- N, 1 (F) € Ny jix(F) for any r, 3, k.
Tensoring the diagram (2.4) by F, we obtain the following commutative diagram with

exact Tows:

(M) Tk T 9 F — Pr(F) —— PHL(F) = 0
AN . e
N

0 ——— Nop(F) ——— PU(F) ——— Py H(F) = 0

Expansion of sections. Let F be an Ox-module, and V ¢ H°(X,F) be a subspace of

the global sections of F of dimension n. Let V ®, Ox denote the sheaf
(V®k Ox)(U)=V®k (Ox(U)) for Uchpen.

Any choice of basis for V' as a k-vector space yields an isomorphism of V ®; Ox with O%, so
V ®r Ox is a locally free sheaf of rank n. (The subscript on ®; will frequently be omitted
from now on.)

For any 7 > 0, define a morphism of sheaves U{,: V ® Ox - Pj(F) by

Uy (U): (Ve Ox) (U) > Py(F)(U)

s® [ f-U(U)(sly),

where W: F — P7(F) is the differential operator (2.6).

Sometimes, by abuse of notation, this map will be denoted by

V- Pr(F).
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Inverse limit. The Ox-modules 73;; fit into an inverse system indexed by N (with its usual

total order):

T+ r+1 r—1 2 1

2 T
— Pt = Py —— Py S —— P, —— P) .

We denote the (inverse/projective) limit of the system by
(2.7) Py = 1i71[nP;

and denote the projection Py - 73;‘1 by weer,
Since the maps 97 and v¢]; are compatible with 7" (Proposition 2.1), there are induced

maps of Ox-modules
wix’:OX—)P;O and w;;‘OX_’P;O-
We also define Pg° (F) :=lim, (733;(-7:))

2.3 COMPUTATIONS IN LOCAL COORDINATES

Continuing with notation of the previous section, let X be a scheme, M be a line bundle
on X, and ¢: Qx - M be a morphism of Ox-modules. (Denote by D = ¢ o d the derivation
induced by ¢.)
Throughout this section, P will be considered with its {-induced O x-module structure.
Let U c X be open, and s: U - M be a local frame for M over U (that is, a nowhere-
vanishing section of M over U). For every r >0, the local frame s induces a local frame for
the vector bundle Py, over U, which we now describe.

For 73(]15 =Ox ® M, choose the frame over U given by the following pair of sections:

s510=1@0 and s11:=0&s.
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For r > 2, inductively construct a local frame for P = Ox @ (P(;‘l n® M ) over U as follows:

Sro=1@0,

$r1 =1 (0@ (8,210 ®5)),

Srk = k (0 @ (Srfl,kfl ® S))7

Sppr =T (00 (Sp-1,-1®8)).
For example, for 7 = 2, one gets the following local frame for P} = Ox & ((Ox ® M) ;;® M):
S20=160, s91=08((190) ®s), s220=20@ ((0®s)®s)).

We also set spo = 1, which is a global frame for Ox. The inductive construction of the s,
could have started with sq .
Scaling the elements of the frame as above simplifies several expressions that appear later

in this section. Here, we note that

Spr =1(0® (Spo1,-1®5))
=r(r-1)(0& ((sy-2,2®5) ®s)

=108 ((+( 0es)®s)-)®s)

It follows that under the identification of M®" with ker 7", the induced frame s®" of M®"

over the open set U is identified with the frame s, ,./r! of ker 7" c 73(;.
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We have (by induction on r)

Sr—1,k» k’S’I"—l, . Sj-1,k» kﬁj—l,
(2.8) 7 (Spk) = and so 7 (s.x) =

0, k=r, 0, J<k<r.

Next, we describe the maps 97, ¢f; and 7" with respect to the frame (s,x)}_, on 'P;;.
Let f e Ox(U). Applying the derivation D(U) to f, we obtain a section of M over U.
Define DI(f) e Ox(U) by
D(U)(f) = Di(f)s.

Then, for r > 1, define D7*!(f) € Ox(U) inductively by

DU)(DL(f)) = DI (f)s.

(Define DY(f) := f.)
We record the following properties of the D7 (-) for future use. Both properties are not

difficult to check by induction.
Lemma 2.10. Let f, ge Ox(U).
(i) For any integers r,r' > 1, D(D7'(f)) = D' (f) .

(i) For any integer r > 1, Di(fg) = Xj-o (;)Dg(f)Dg_j(g).

In particular, D(fg) = fD!(g) + gDL(f), so DL(:) is a derivation on Ox(U).
As a consequence of (ii), we also have the higher-order Leibniz rule:

T )Dgl(ﬁ)pgk(fk)’ where ( r ) -l

J1s g2y s gk) ilgalegik!

Di(fifi) = (.
j1+-~z+jk:r J1,J2 -5 Jk
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Introduce the following notation: for any fy,..., f. € Ox(U),

(an fla- .. afr)s = fOST,O +f1 Sr,l +"'+fr$r,r € ,P(;(U)

The set {(fo, fi,---sfr)st fos-- -, [r € Ox(U)} is evidently a k-vector space.

Theorem 2.11. Letr > 1 be an integer, s: U - M be a local frame for M over U, s,p,..., S,

and Sy_1,0,-.-,5--1,-1 be the induced local frames for P and 73(;‘1, respectively, and f be an

element of Ox(U).

(1) L{(U)(f) = ([, 0,...,0)s .

(i) GU)() = (£, 5 DHEYs g DA, s DI

(ZZZ) FOT’fo,...,fTEOX(U), 7rr7k((f07f17"'7f’r‘—17fr)5):(f07f17-"7fk3—1)8 (VlSkST)

Proof. (i) By definition, 9] = idp, ®0. Therefore,
YrU)(f) =idox (U)(f)@0=f(1®0) = fso=(f,0,...,0)s
(i) We check the claim by induction. For r = 1, we have ¢j; = ido, ®D, and

i (U)(f) =idoy (U)(f) @ D(U)(f)
=foDy(f)s
= fsi0+ D;(f)sl,l

= (f. Ds())s,

verifying the claim in this case. Now, suppose that the claim is true for r — 1. By defi-

nition, ¥, = ido, ® (1® D). We have (applying the result of Lemma 2.10(i) to compute
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Ui (D))

Yi(U)(f) =ido (U)(f) @ (1@ D(U)(f))
=f® (1®D§(f)s)

= [ o (i WD) o)
70 (DX 4 D2 oy DA
=fe® ((Di(f) Sp_1,0 + Dgl(,f) Sp_i g+t (1:;"_({))! Sp—1r-1) ® s)

=(/, D(f) —DQ(f) —Dr(f))&

and the claim follows for any r by induction.

(iii) By the observation recorded in (2.8), we have

WT’k ((f07f17 s 7fr—1af7")5) = WT’k (fD Sr.0 toet fr—l Srr-1 + fr Sr,r)

= foSk-1,0 + "+ fi-1 Sp-14-1 +0+---+0
S

k zeroes

= (an' . '7fk’—1)s-

Multiplication in local coordinates. Let U c X be open, and s: U - M be a local
frame for M over U. We continue with the constructions and notation established earlier in
this section, and interpret the product structure on P, in local coordinates.

Let fo, f17 ey fr7 g0, 915 ---, gr € OX(U) Set Fr(t) = fo +f1t+"'+f7«tT € k[t]/(tr+1) and
G.(t) = go+ it + -+ + g, t" € k[t]/(¢t"*1). Define hy, € Ox(U) by

F.(t)G,(t) = tht"‘ e k[t]/(t™).
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More explicitly,

T

k
ho = fogo, 1= fogi + figo, .-, hk3=ij9k—j> S ngTj
j=0

Theorem 2.12. With the above notation, the product in Py(U) is given by

(2.9) (fo; fion, fr)s “PL(U) (907 g1, -, gr)s = (h07 hy, ..., hr)s-

Proof. Proceed by induction on r. For r = 1, the multiplication is given by

(fo® (f15)) - (90 ® (915)) = fogo ® (fogr 5+ gof15) = fogo ® ((fog1 + fi90) ),

verifying the base case.
Suppose that the statement is true for r—1. Set f. = k- fr, Gx = k- g and hy = k- hy. We

compute that

(fo, frs oo o) P (900 915 - Gr)s

=fo® ((fi s ), ®8) prn 90® ((G1s -, §r),®9)

= (fogo) @ [7" ((fo, frs s f)s) - (@1 -y G) s @ s+ 7" ((90, 91, - 90)s) - (fus ooy fr), ® 5]
= (fogo) @ [((fo, fir s Frt)w (@ -5 G0) o + (90, 01, - Gr1)s - (Fro o0 1)) ®8].

By the inductive hypothesis,

r—1
(fo, fr, s fr1)s (91, oo Gr)s = (foG1, foGe + fiG1, -, ngjf]r—j)s and

~ ~ ~ ~ ~ =1
(907 g1, "'7gr—1)3'(f17 T fr)s = (g0f17 gOf2+glf17 R Z;gjfT—j)s-
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Since

k-1 3 k-1 ) 3 )
> fibn-i + 95 =i = fogr + (Z fiGk-j + fjgk—j) + frgo = hi,

j=0 j=1

we have

(fo, fr,-oos fr)s “PLU) (90 91, -5 9r)s = (fogo) ® ((711,---,?%)5 ®S) = (ho, b1, ..., s,

and the statement is true for all » by induction. O

Remark. One of the motivations for defining the global product structure on P§ in the way
we have defined it comes from the Leibniz rule. Set 6%(f) = D¥(f)/k! (0 < k <r). As
computed above, for any f, g € Ox(U),

Di(fg) Di(fg) D’;(fg))

T AT S c

O(f)DL(g) + DX(f)D? 7o ())DI(f) DL
z(Dg(f)Dg(g), DYS)DA(g) + DANHDN) T (D) <g>)

1l l

Since

Eork\ 1 i i k Dg(f) foj(g)_ k ; ,
;(j)ﬁDs(f)Df -2 D E S an )

the latter is equal to

(62<f>62<g>, HODIORIGLIO NS 5§(f)5§‘j(g))

On the other hand, we have

GOy YR (9)
= (5g(f)> 5;(f)7 ) 5§(f)7 SRR 5§(f))8'73;(U) (52(9)’ 6;(9)7 s 55(9)7 SRR 52(9))5
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Since the morphism 7, (U): Ox(U) — P5(U) should preserve the product structure, the
definition of the product on P should be such that the results of the two computations are

equal.

The filtration in local coordinates. The vector bundles N, have a simple local in-
terpretation. Let U c X be open, and let s: U - X be a local frame for M over U (and
continue with the notation of the previous sections). The following proposition is immediate

given previously proven information:

Proposition 2.13. A section t of P}(U) is in N, x(U) if and only if t has the form

t=0(0,...,0, fus -y fr)s for some fi, ..., fr € Ox(U).

—_——
k 0’s

From the local point of view, it is particularly clear that the filtration of P by Ny 18

decreasing and multiplicative.

2.3.1 TRANSITION FUNCTIONS FOR 73(;

For the convenience of the reader, we begin by setting down our notation for transition
functions.
Let E be a locally free sheaf of rank r + 1 over a scheme X. For an open subset U c X, a

local frame for E over U is a collection sq, s1, ..., s, € E(U) of sections of E that determines
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an isomorphism O%™*! — E|,; of Oy-modules by

0gr(V) Coly il = +rlv) s By (V)
fo fo
i fi
— (30|V S1ly $r|v) :fO SU|V+f1 31|V+"'+f7‘ S7’|V
fr 1

for each open subset V c U.

Let U, and Ug be open subsets of X, and suppose that s, ..., Sar and sgo, Sg1, - -, Sgr
are local frames for E over U, and Ug, respectively. Write U,p := U, N Ug and suppose that
Unp # @.

Then, we have

Sa70|Ua/3 = Taf,00 S,B,O'(]aﬂ + o+ Tag,or Sﬁﬂ“‘Uaﬁ Sa,0 Ung 8570|Ua5

le. : = TaB : ,

Sa’T|Ua,8 = TaB,r0 86’0|Uaﬂ tot Tagrr 867T|Ua5 Sa,r|UaB 55,7’|Ua6

where (Tag)ij = Tagijs Tapij € Ox(Uap) and 745 € GL,11(Usp). The matrix 7,4 is called the
transition function from the frame (sg;); to the frame (s, ;);.

The matrices 7,4 satisfy the identities 7,573, = id on double intersections and 7,57gy7ya =
id on triple intersections.

In the two local frames above, a section f € E(U,g) has two expansions f = 3.; faj Sajly =
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Zj 13, S,@,j|U 5 and one computes that

(fa,O fﬁ,o fB,O

fOé71 _ f571 fﬁvl
SCOR K A e

fa,r f,B,T fIB:T

where ’ denotes the matrix transpose.

Continuing with the notation of the previous sections, let X be a scheme,* M be a line
bundle over X, and ¢: 2x - M be a morphism of Ox-modules. Suppose that s,: U, - M
and sg: Ug - M are local frames for M over U, and Ug, respectively, suppose that U,p # @,
and let 7,5 € Ox(U)* be the transition function (so that 35|Ua5 = Tag Sa|U&ﬁ)'

For r > 0, denote by 7,4 the transition functions for the locally free sheaf P§ with respect
to the induced frames (s,)r; and (sg)r; on Pj over U, and U, respectively, introduced in
§2.3; the notation D!(f) € Ox(U) with respect to a choice of frame s of M over U (and
hence a choice of induced frame on P§ over U ) was also introduced in this section. With
respect to the local frames s,, sg fixed in the previous paragraph, denote D¥ (f) by DE(f),
and DE (f) by Dj(f). By Theorem 2.11, we then have ¢ (Ua)(f) = X; DL(f) (5a)r; and

wﬁ(Ua)(f) = Zj Dé(f) (Sﬁ)r,j' Thus, on Uag,

Da(f) D5(f)
(2.10) Dalf) =T} b Do) for all fe Ox(Uap).
De(f) Dy(f)

The purpose of Lemma 2.14 below is to prove a kind of converse to the above observation

— namely, that if a family {pas € GL,+1(Uap)} satisfies equations (2.10), then in fact p,s

4We remind the reader that by convention all schemes considered in this paper are reduced and of finite
type over an algebraically closed field of characteristic zero; in particular, all schemes are Noetherian.
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are the transition functions for P§ (in other words, the transition functions are determined
by the image of 1;;). The case ¢ = 0 makes it clear that some kind of non-vanishing of ¢ is
necessary for such a statement to hold.

Let X = X; u---u X}, be the decomposition of X into irreducible components, and let n;
be the generic point of X;. We define a morphism &: E — E’ of vector bundles on X to be

generically surjective if &, E,, - Eis surjective for each i =1,... k.

Lemma 2.14. Suppose that ¢: Qx — M s generically surjective. Fix an integer r > 0. Let
So: Uy = M and sg: Ug - M be local frames of M, and suppose that U,z # @. Let 7,5 be the
transition function from sg to so, and 7,45 be the transition function from the sg-induced
frame on P} over Ug to the sq-induced frame on Py over U,.

Suppose that pas € GLy.1(Uapg) satisfies

D(f) Da(f)
D! D!

(2.11) B(f) = Pog a(f) for each f e Ox(Uyp).
Dy(f) Di(f)

Then 7, 5 = Pas-

Proof. We begin with a sequence of reductions. We will think of 7] 5 and pag as invertible
(r+1) = (r+1) matrices with entries in Ox(Uqg); the equality 7/ 5 = pag can then be shown

by checking that each entry of 7] 5 is equal to the corresponding entry of pag.

o U,p may be assumed to be an open affine. Choose a cover of U,g by open affines. If

7'7{7045 = pap over each piece of the cover, then 7'7{@5 = pap holds over U,z (because Ox is a

sheaf!).

o X may be assumed to be irreducible. If U,p only intersects one irreducible component
of X, there is nothing to prove. Otherwise, suppose that U,z intersects the components

Xitsoo ) X

Since the map Ox — @Oxij is injective (as can be seen by considering the
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corresponding map A — @ A/p;; of rings), if equality Th.ap = Pap holds on each Uys N X;,

then it also holds on Upg.

o X may be replaced by an open subset U that has a nonempty intersection with Uyp.
Since X is reduced and irreducible, it is integral. Therefore, the restriction map Ox - Oy
is injective (to see this, note that U can be covered by distinguished open affines, and
(after restricting to a distinguished affine) the map of rings corresponding to the restriction
Ox — Oy is the localization map A - Ay, which is injective when A is an integral domain).

It follows that, if equality 7, 5 = pag holds after restriction to U, then it also holds over X.
e X may be assumed to be smooth. Replace X by its open subset of smooth points.

e ¢ may be assumed to be surjective. Pass to the open subset of X over which ¢ is

surjective.

o [t is enough to find a point p € Uyg, an open neighbourhood U of p, and fi,..., fri1 in
Ox(U), such that
fl f’r‘+1
DO[ Da T+
ot (f1) (fr1) .0
Di(f1) Dy (fre1)
Indeed, by equations (2.10) and (2.11), for any fi,..., frs1 € Ox(Uag), we have
fl fr+1 fl fr+l fl fr+l
Da(fl) Da(frﬂ) Dﬁ(fl) D/B(fr+1) , Da(fl) Da(fr+1)
Pap ) = Tr,aﬁ
Di(fr) D (fre)) \D5(f) Dy (fre1) Dy (f1) Dy (fra1)
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so that
fi fra1

D1 . DI(f.,
(s =rt)| 2 PRI

De(f) - Da(fran)

The reduction now follows by replacing X by U.

We proceed to find a collection of functions satisfying the conditions of the last reduction.
Let p be a point of U,s, Ox, be the local ring of X at p, and m, be the maximal ideal
of Ox,.
For hy,..., hy € Ox(U,), we have the higher-order Leibniz rule

Dihut) = (o ADE(h) e Dl (),

et = o Jk
If j1+--+jr =¥, and k > ¢, then at least one of the j; is 0 (by the pigeonhole principle).

Thus, when k > ¢, for a typical generator g = hy---hy of mF, we have that

14 : ,
( , , )Dél(hl)-----Dﬁf(hk) is an element of m,, for all jy,...,jx with j; +--- + jx = ¢,
J1s-- 5 Jk

and hence Df (g) € m,, being a sum of terms of the above form (equivalently, D% (g)(p) = 0).

By linearity of DY, it follows that Df(mk) c m,, whenever &k > ¢. In particular, we have:

(2.12) If gem ™, then Do(g)(p) =0, Dy(g9)(p) =0, ..., Di(g9)(p)=0.

Let O xp denote the completion of Ox , at the maximal ideal m,, and m, denote the image
of m, in O xp- By the Cohen structure theorem (as a reminder, the preceding reductions

brought us to the case when Ox , is a regular local ring),

@XJ, = ]i][[l'l, - ,In]],
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where n = dim;, m,/m2, and m, goes to the ideal (x1,...,7,) under the above identification.

Moreover, we have
(2.13) it e mb e e (2, w) (2 ) forall 0<k<r+1.°
By observation (2.12), if §, §’ € mk are representatives of g € mk/m7*!, we have

D)) = DL(F)(p)  forall0<i<r.

Therefore, it is enough to find f1,..., fr+1 € Oxp/m;*! so that the determinant
i Jra1
DA(f) - Di(f-
(2.14) I (fr1) )

De(f) - Da(fran)

does not vanish — choosing representatives fj in Ox,, it would follow that det (Dfi( fk))
does not vanish at p, hence does not vanish on a neighbourhood U of p; by the last reduction
step, this would finish the proof of the lemma.

Therefore, for the remainder of the proof, we work modulo m7*!, and make the identifi-
cations of (2.13).

Define hy, € Ox(Uy,) by hisq = D(Uy) (), 1<k <n (recall that D = ¢od). Since ¢ is
surjective, there is at least one j € {1,...,n} with hg(p) # 0. Fix such a j.

Since X is smooth, for any f € Ox(U,), we have

o s 2,).,

D) = (5t 5

°By convention, (z1,...,2,)% = k[z1,...,2,].
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Therefore, for ¢ > 1,

(2.15) D)=y — 20

(e} «
PR
|Oé|:é :L‘l cee :L‘n

where « = (aq,...,a,) € N* is a multi-index, and |a| = a1 + -+ + .
Set

flz]., fQZ.Tj, ceay fk:I?_l, ceey fr+1=$§.

We first verify that the matrix of (2.14) has zeroes above the diagonal — indeed, evidently
fr € mE=1so that by observation (2.12), D:(fx) = 0 for 0 < £ <k —2. These are exactly the
terms that are strictly above the diagonal.

On the other hand, the kth diagonal term is
DY (fi) = DN (ah ™) = (k= 1)1hE ! 20,

by the choice of j.
Therefore, for the collection {f; = q:;‘?‘l}, the matrix of (2.14) is lower-triangular with
nonzero terms along the diagonal, and hence has nonzero determinant. The proof is complete.

]

In principle, Lemma 2.14 yields a method for recursively computing the transition func-
tions of P up to arbitrary r. One proceeds as follows:
Let sq: Uy = M be a collection of local frames, with transition functions sg = 7345,. For

f € Uyp (omitting restriction symbols to simplify notation),

D(f) = Da(f)sa = D5(f)sp = Ds(f)Tsasa,

so that

Dj(f) = mapDa(f).
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Then,

D3(f) = Dy(D5(f))
= Dy(rasDL(f))
= o DL (Tap DL(f))
= Tag (DL (7as) DL(f) + TasD2(f))

= (TagDL(7as)) DL(f) + 725 DA(f).

Continuing inductively, we obtain, for example:

Ezample 2.15. Suppose that M is trivialized over the cover {U, }, and let 7,4 be the transition
functions for M. With respect to the induced local frames on P2, the transition functions

(acting on sections) are (for simplicity of notation, 7,4 is shortened to 7)

For each 0 <4 <5, the transition function 7], of Pé) appears as the top-left (i x i) minor of

!
T5,aﬁ‘

110 0 0 0 0
0|7 0 0 0 0
0| 7DL(7) 72 0 0 0
0 | 7DL(7)*+7°D2(7) 372D} (7) 3 0 0
0| 7DL(7)3 + | 772DL(T)2 +473D2(7) | 673DL(7) T4 0
. 412D (T)D2(7) +

D3 (r)
0| 7DL(7)4 + | 1572DL(7)3 + | 2573DL (7)2 1074DL(7) | 7°

112DL(r)2D2(r) + | DL(r)D%(7) + | 107*D2(7)

413D2(1)? + | 574D3(7)

73D (T)D3 (1) +

rDA(r)
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2.4 FUNCTORIALITY

Let m: Y - X be a morphism of schemes, M be a line bundle on X, ¢x:Qx — M be an
Ox-linear map, and ¢y : Qy — 7*M be an Oy-linear map. Suppose that ¢x and ¢y satisfy

the equality

(2.16) T ¢x = gy odm.

(The diagram

0y —°

i > Qy oY > M
dﬂT AX

W*OX *—> W*QX
7TdX

T

then commutes, so that the similar equality 7* Dy = Dy o 7* between derivations holds.)
The goal of this section, achieved in Theorem 2.24, is, given the above hypotheses, to

construct an isomorphism of Oy-algebras
" (F): i (Phy (F)) = Py, (n* F),

where 7} denotes pullback with respect to the 1-induced Ox-module structure, and P, (m*F)
is taken with its ¥-induced Oy-algebra structure.
Moreover, the isomorphisms 77 (F) should have the property that for V' c H°(X,F), and

m*V the pulled-back linear series, the diagram

7 (V &, Ox) — 7 (P} (F))

l ()=

7T*V®k Oy — P(Zy(ﬂ'*f)

commutes.
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Outline of the proof. The arguments of this section are simple but lengthy, and for the
reader’s convenience we include here an outline of the various pieces of the proof.

The proof begins by constructing morphisms of sheaves of rings (not yet 7710 x-algebras)
fyr: W_IPQ;;X - P;;Y

that are compatible with 7", ] and ¢{;. The morphisms 7" are constructed just after
the proof of Lemma 2.17. Lemmas 2.16 and 2.17 provide general results that are used for
the construction of 4"; Proposition 2.18 checks compatibility of v with projection maps,
Proposition 2.19 checks that 4" are morphisms of sheaves of rings, and Proposition 2.20
checks that 4" are compatible with ] and ;.

Once the morphisms sheaves of rings 7" have been constructed, we modify them to obtain
morphisms of “‘Oy-modules” Py = Pj, - Because both the source and target have more
than one Oy-module structure, we must be careful to specify which module structures we
mean.

We now describe the modification of 4" when both source and target have 1)-induced

structures. We have the commuting diagram of 71O x-algebras

-1Ppr el s r
& P¢>X P¢>Y

Wﬁlwa wa

#
7T710X LN Oy

where 7T*173;;X has its 7-1/7-induced structure and Py, has its ¢f-induced structure. Using

the fact that the tensor product of two 71O x-algebras satisfies the universal property of
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the pushout, we obtain the dashed morphism below:

—-1Ppr \
TP, > Poy

~
-
-~
-
~
-
-~
-
-
-

w"lwf 7T_1,P£X I® 710y OY Y1

7

(The above description ignores a technicality, which is taken care of by Lemma 2.21.)

71'71(9)( Oy

This dashed morphism is exactly the desired modification of 4"; it is a morphism of Oy-
modules with -induced module structures on source and target. We denote the dashed
morphism by 7. In fact, 7f is an isomorphism, which can be proven by first proving that

the diagram

0— W*(M(Xw) — 7T71’P;;X ® 7r‘1(9XOY — 7T71'Pq7;;(1 ® Tr‘l(QXOY — 0

! ! ¢

0 — (m*M)®" ——— P} » Pl ——— 0

commutes in Corollary 2.22, and then using induction on r and the five-lemma. The isomor-
phism 7f; can be constructed entirely analogously.
Finally, in the last step of the argument just prior to the statement of Theorem 2.24, we

check that 7{ can be further extended to an isomorphism of Oy-modules
W (F):f (P (F)) = Py, (7 F),

where 7} denotes pullback with respect to the 1-induced Ox-module structure, and P;;Y (m*F)
is taken with its ¢-induced Oy-module structure. In the proof of Theorem 2.24 proper, it

only remains to check that 77 (F) is well-behaved with respect to global sections.
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The Proof. Let 7:Y - X be a morphism of topological spaces, and let F be a sheaf of
abelian groups on X. We remind the reader that for any point Y of y, the stalks (7=1F )y
and Fr(,) may be canonically identified, as follows. Write « = 7(y), and let i,: {y} - Y and
iz {x} - X be the inclusion maps. Let F be a sheaf (of abelian groups, say) on X. By the

commutativity of the diagram

{y} ——=Y

|

o} == x
and functoriality of inverse image (denoting constant sheaves over a point by the correspond-

ing abelian group, and canonical isomorphisms by equalities),

(W_lf)y = i;l (7r_1.7:)

=F.
For any open subset U of X, we have the map
(2.17) FU) = (== F) (=~ (V)),

obtained as follows. By definition, 7~'F is the sheafification of the presheaf that as-
signs to W c Y the direct limit colimyorwy F(U). Since U > w(7~1(U)), there is a map
F(U) = colimysr (1)) F(U), which can be composed with the sheafification map to ob-
tain the desired map F(U) - (77 'F) (7~ 1(U)). Let f € F(U) and denote the image of f
in 771 F(7~1(U)) under this map by g. Then for every y € 771(U), g, = fr(y) under the
identification (771F), = Fr(y)-

We begin with the following lemma on gluing together morphisms of sheaves defined over

a base.

Lemma 2.16. Let X and Y be topological spaces, m:Y — X a continuous map, and Bx
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and By bases for the topologies on X and Y , respectively. Let F and G be sheaves of abelian
groups on X and'Y , respectively.

For each pair of base open sets U € Bx and V € By with V c m=1(U), let v, be a map of
abelian groups

Yoy F(U) = G(V),

and suppose that the collection {7,y }vesy, vesy, ver-1() i compatible with restrictions, in
the sense that for any inclusion of open subsets U' ¢ U of X and any inclusion of open

subsets V' <V of Y with V c n=Y(U) and V' c 7=Y(U"), the square

FU) 5 g(V)

restrU’U/l lrestrv’vl

F(U) =5 G(V)
commautes.

(i) For each point y €Y, there is a unique induced map
(2.18) Tyt () > Gy

of stalks satisfying the property that for each pair U € Bx, V € By withyeV c 7= 1(U)

the square

F(U) 225 g(V)

(2.19) l l

F, m(y) - ? gy
commutes.

(ii) There is a unique morphism of sheaves

v 7r’1]-"—>g



5}

satisfying either (hence both) of the following equivalent properties.

(a) For each point y € Y, the morphism ~,: (77F), - G, induced by ~ is equal
to 7y of (2.18) (under the identification of (n~'F), with Fry). Equivalently
(by uniqueness of 7,) for every base open set U of X and every base open set

yeV cnL(U), the following diagram is commutative:

FU) 5% g(V)

(2.20) l l

ffr(y) - ? gy

(b) For each pair U € Bx,V € By, with V c 7=1(U), the composition

(=) sttt vy v

FU) —————= ' F(@(U)) ———— G(=(V)) g(vV)

where the first map is the map to a direct limit followed by the sheafification map,
is equal to vy, .

Moreover, if F and G are sheaves of rings, and each vy, is a ring morphism, then -y

18 a morphism of sheaves of rings.

Proof. We begin by showing that property (ii)(a) (in the sense that the square (2.20) com-
mutes) is equivalent to (ii)(b).
Suppose that property (ii)(a) holds for v: 771F - G. Let U be a base open subset of X

and let V c 7=1(U) be a base open subset of Y. We would like to show that the composition
FU) = (@' F)(nH(U)) » (=" F)(V) > G(V)

is equal to yyy.
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Let f e F(U) and denote the image of f in (7='F)(7w=1(U)) by h. Then for every y eV,

(h‘v)y = hy = ffr(y)’

so that

(YO (Bl ))y =2y (Chly)y) =7y (Friy) = (ov (), V)

where the last equality holds by the commutativity of the square (2.20).

Since v(V')(h|,,) and yyv (f) have equal germs at each y € V, v(V)(h|,,) =yov(f). The
desired conclusion follows by construction of A.

Conversely, suppose that (ii)(b) holds for v: 77!F - G. Fix y € Y, U a base open subset of
X and y € V cm}(U) a base open subset of Y. Let f € F(U), and again denote the image of
fin (77 1F)(7~1(U)) by h. We then have h, = fr(,), and by hypothesis v(V')(h|,,) = yov (f).

But this implies that

(v (F))y = (V) (Al)), = 2 (Rl )y) =Y ()

showing that the square (2.20) commutes.

We proceed to prove part (i), namely that for each point y € Y there is an induced
morphism of stalks Fr,) — G,. Let y € Y. We make use of the universal property of the
direct limit Fr () = colimy(y)ew F(W).

Let (y) € W be an open subset of X. There is a base open set w(y) € U ¢ W. We obtain

a map

restryy,u U,m1(U)

FOV) FU) — D G (U)) ———— G,

We check that the map F(W') - G, does not depend on the choice of U. Let U’ be another

base open set with w(y) € U’ ¢ W. There is a base open set m(y) € V c UnU’, and the



o7

diagram

UTr L)

FU) ————— 6(=(U))

restry, Vl lrestrﬁ,l(U)’ﬂ,l(v)

FW) ——— F(V) —0 1 g 1(V)) ———— G,

restrU/ T Trestr 1(U,)7ry\
O Iy 0

commutes (the two middle squares commute by compatibility of (;,,) with restriction
maps). It follows that the map F(W) — G, does not depend on the choice of U. We
denote this map by ().

Now suppose that W' is another open subset of X with 7(y) € W’ c W. As there is a

base open set U with 7w(y) e U ¢ W/ c W, and the diagram

F(W)

AN

FW") — F(U) —

U7r (U)

G(m(U)) — Gy

commutes, it follows that the diagram

F(W)
(W)
restryy gy
(W)
FW)

commutes. As this is true for any inclusion 7 (y) € W’ c W, by the universal property of
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Far(y), there is an induced map v, : Fr(,) — G, making the diagram

F(W) 5()
\\

fﬂ-(y) i) gy

7

FW') (W)

commute.
Now suppose that U is a base open set of X containing 7(y) and V c 7=1(U) is a base

open set of Y. The inner square (drawn as a trapezoid) of the diagram

U‘rr (%)

F(U) — (= (U)) —— G(V)
l i
Frw) \

commutes by construction of 7,, and the triangle on the upper-right commutes for any

restriction, hence the outer square of the diagram, which is the square (2.19) in the statement
of part (i), also commutes.
Finally, suppose that y € Y and that 7,Zzy Fr@y) = Gy is a map of stalks with the property

that

F(U) 2% g(V)

(2.21) l ~ l

P
Fﬂ(y) — gy

commutes for each pair U € By, V € By with y e V cn=1(U). Let (f,U) be a representative
of a germ of F(,), where after possibly shrinking U may be assumed to be a base open set,

and f e F(U). Let V be a base open set with y € V c 771(U). Then by square (2.21) above
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and the similar square (2.19) for 4,

3 ((£,0)) = (uv (), V) =4, ((F,U))

so that v, = ¢~y, showing that «, is unique.

The proof of part (i) is complete, and we proceed to the proof of part (ii), beginning with
the construction of a morphism ~: 771F — G. It is useful to introduce the following notion
for the construction of v:

Let W c Y be an open set and let f e (771F)(W). A base decomposition 2(f,W) of f
over W is a collection (U;, Vi, fi)iz, where U; are base open sets of X and V; are base open
sets of Y, with V; c 7=1(U;) for each i and U; V; = W, and where f; is a section in F(U;)
such that for each point y of V; we have (f;)x(y) = f, (under the identification of F(,) with
(+1F),).

e For any W cY open and any f € (m='F)(W), there is a base decomposition of f over
W. Fix y € W. Then f determines a germ f, of (771F),. Choose a representative
(g € F(U),U) of the germ that corresponds to f, under the identification (7~1F), =
Fr(y) (we have 7(y) € U c X). After possibly shrinking, we may assume that U is
a base open subset containing 7(y). Let ¢’ denote the image of g under the map
FWU) - 7' F(r1(U)); then (9')y = gr(y) = fy- Since (g’), = fy, there is an open set
V cr 1 (U)nW (containing y) with ¢'|, = f|,,. After possibly shrinking V', we may
assume that V' is a base open subset of Y. We obtain a triple U ¢ X, ye V c =1 (U)
(with U, V base open sets in their respective spaces) and g € F(U) satisfying gr(y) = fi
for all 4" € V. Since y was an arbitrary point of W, this establishes the existence of a

base decomposition of f over W.

e Given a base decomposition 9 of f over W, there is a corresponding section vy(W)(f)a

of GW). Given Z = (U;, Vi, fi)iez, define g; := inM(fi) €G(V;). For each y e V;nV; =
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Vi
(gi)y = 'Yy((fi)ﬂ(y)) = '77y(f7r(y)) = '7~y((fj)7r(y)) = (gj)ya

so that g; and g; have the same germ for each point of V;;. It follows that 9i|vij = 9]'|V;-j’
and so the sections g; glue together to a unique section g € G(W) with g, = g; for

each i. Denote the section g constructed in this way by v(W)(f)4.

Note that for each y € W, by construction

(Y (W) (H)2)y = Tu(frw))-

The right side of the above equality is independent of Z.

For any two base decompositions 2, D' of f over W, v(W)(f)g =v(W)(f) . Denote

YW)(f)a by g and y(W)(f)o by ¢'. For each y e W,
gy = ’Yy(fﬂ(y)) = g;

Since g and ¢’ have the same germ at each point y of W, g=g¢'.

Denote by v(W)(f) the section v(W)(f)g, where & is any base decomposition of f

over W. The preceding paragraph shows that (W) (f) is well-defined.

For any two sections f, f" in (L F)YW), y(W)(f+f") =v(W)(f)+y(W)(f'). Denote
the sections y(W)(f), y(W)(f") and v(W)(f + f') by g, ¢’ and ¢”, respectively. For
each ye W,

(g + g’)y =gyt gg,/ = yy(fw(y)) + ’Yy(f;r(y)) =Yy (ffr(y) + f;(y)) =Yy ((f + f,)w(y)) = (g”)y.

Since g + ¢’ and ¢” have the same germ at each point of W, we have g+ ¢’ = ¢”, as

desired.
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o Forany W' cW c X, and any f e (n=rF)(W), y(W)(f)lyr = YW')(fly-)- For each

y e W' we have

YW Dlwr)y = T (friy) = VWD) (Flw)),

so that once again, the sections v(W)(f)l, and v(W')( f|y) are equal, having equal

germs at each point of W'.

e Suppose that F, G are sheaves of rings, and each ~yyy ts a morphism of sheaves of
rings. For any two sections f, f' in (7L F)(W), y(W)(ff") =vy(W)(f)y(W)(f"). In
this case, the morphism 7, is a ring morphism (this is immediate from the category-
theoretic construction of 4,). The statement is then proven similarly to preservation
of addition: denote the sections v(W)(f), v(W)(f’") and v(W)(ff') by g, ¢" and g",

respectively. For each y e W,

(99")y = (9,)(g,) = iy(fﬂ(y))iy(ﬂr(y)) =Yy (ffr(y)f;r(y)> =Yy ((ff,)ﬂ(y)) =(9")y-

Since gg’ and ¢” have the same germ at each point of W, we have gg’ = ¢”, as desired.

The above steps complete the construction of a morphism ~: 7= F — G of sheaves of abelian
groups (and verification that it is indeed a morphism). We verify that v satisfies (ii)(a), that
is, that for each y € Y, the induced morphism ~,: (77*F), - G, on stalks is equal to 7.
Fix y e Y. Let (f,WW) be a representative of a germ in (7~1F),, with f e (771F)(W), and
denote by fr(,) the germ in Fr,) identified with (f,W). By construction, the image of f

under v(W') has germ
(YW)())y =(frwy)  aty.

On the other hand, since 7 is a sheaf map, v,((f,W)) = (v(W)(f)),, so that

”Yy((ﬁ W)) = %(fw(y))-
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Since the germ (f, W) and the point y were chosen arbitrarily, this shows that ~, = 7, for
all y € Y (after identifying (7~1F), with Fr(,)).

Property (ii)(a) is verified for v, and therefore (ii)(b) holds as well.

We prove the induced morphism v is unique. By uniqueness of 7,, if v, y": 771F - G
are morphisms that both satisfy property (ii)(a), then v, = 4, = 7, for each y € Y, hence

y=9" [

Lemma 2.17. Let X and Y be topological spaces, 7:Y — X a continuous map, and Bx and
By bases for the topologies on X and 'Y, respectively.

Let F, K be sheaves of abelian groups on X, ¢: F - K a morphism of sheaves of abelian
groups, and let G, L be sheaves of abelian groups on'Y, £: G — L a morphism of sheaves of
abelian groups.

For each pair of base open sets U € Bx and V € By with V c n=Y(U), let vy, and 1y, be

maps of abelian groups
Yov: FU)>GV)  and  thyy: K(U) » L(V),

and suppose that the collections {7,y YueBy,veBy, ver1 () and {Uyy YueBy, VeBy, ver1(U) @T€

compatible with restrictions. Suppose, moreover, that for each pair of base open sets U € Bx

and V € By with V c m=Y(U), the following square is commutative:

F(U) 225 g(V)
(2.22) d’(U)l l&(V)
KU) —— L(V)

By Lemma 2.16, the collections {yyv} and {{yy} induce unique morphisms v: m='F - G
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and : mC — L, respectively. Then the square

alF 15 ¢

S

7T711C T> E
commutes.

Proof. 1t is sufficient to prove that (£ o7), = (¢ o (771¢)), for every y € Y (then { oy =
Yo (m71¢) and the diagram commutes). Note that under the identifications (771F), = Fr(,)
and (771K), = Kr(y), we have (771¢), = ¢r(,) for each y e Y.

Let y € Y, and choose a representative (f,U) of a germ in F, (). After possibly shrinking,
U may be assumed to be a base open set of X. Let V c 7=1(U) be a base open subset of Y

containing y. We chase (f,U) through the left square:

. (f, U) —— (i (1), V)
Fray) — Gy l

o | 12 (V) v (D). V)
/Cw(y) — ,Cy ”
y (OU)(f). V) = (o (B(U)()). V)

where the equality holds due to the commutativity of (2.22). Since (f,U) was the represen-

tative of an arbitrary germ, the statement is verified. m

Remark. In above lemma, it is sufficient for ¢ and £ to be defined over bases of X and Y, respectively.
Then we obtain unique induced maps ¢: F - K and £: G — £ and the same conclusion holds. As

we will not require this statement, we will omit the proof.

Now, we specialize back to the set-up of the beginning of this section. Let 7:Y — X
be a morphism of schemes, M be a line bundle on X, ¢x: Q2x - M be an Ox-linear map,
and ¢y : Qy - m*M be an Oy-linear map. Suppose that ¢x and ¢y satisfy equality (2.16):

T*px = ¢y odm, so that also 7* Dy = Dy on*, where Dx := ¢x odx and Dy = ¢y o dy.
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For each r > 0, we construct a morphism of sheaves of rings " : 7T*1’P;;X - Py, that is
compatible with projections, as well as the maps 1, and 1)y, in a sense that is made precise

below.

To begin, we construct 4" as morphisms of sheaves of abelian groups.
We remind the reader that affine open sets are a basis for the topology of a scheme.
Therefore, by Lemma 2.16, it is sufficient to construct for each affine open Spec A ¢ X and

each affine open Spec B c 771(Spec A) ¢ Y a morphism of abelian groups

Yag: Py, (Spec A) - P; (Spec B)

compatible with restrictions.
Since Spec B c 77! (Spec A), we obtain a morphism 7|y . 5 : Spec B - Spec A of schemes.
If Spec A’ c Spec A and Spec B’ c Spec B with Spec B ¢ m=!(Spec A) and Spec B’ c m=!(Spec A’),

then the corresponding square

7r|§pec B
A B
(2 23) restrl lrestr
/ s B
e 5

of pullbacks (and restrictions) is commutative.

From now on (unless noted otherwise), by abuse of notation, denote maps 7r|§ﬁpeC g A—->DB
by 7#, omitting explicit reference to Spec B.

Let Spec A ¢ X and Spec B c 7(Spec A) be affine open subsets. Denote M (Spec A) by
M,. Then (m*M)(SpecB) = B®, M4. (We remind the reader that B is an A-module by
a-b=m%(a)b.) For each r >0, denote P; (Spec A) by R}, and P} _(Spec B) by Sp. For the



65

latter, it will be useful to observe that

Sp="P; (SpecB) =B & (Sj;;1 ®p(B®, MA))
~Ba ((S5' 1®5 B)®, M,)

~Ba (S5 e, My).

(Under the above two identifications, the element (b,s ® (¢ ® m)) is sent to (b, (¥f;(c)s) ® m).
It is quick to check that the projection map 7n": S5 — Sgl and the product structure on S
may be described as follows under the above isomorphisms: 7" ((b, s®m)) = (b, 7" *(s) ® m) and
(bys®@m)- (b, s @m’) = (b, 7" ((bys®@m))s'@m'+7"((V,s"®m'))s®@m).)

Let » > 0 be an integer. We proceed to construct a collection of morphisms of abelian
groups V) p: Py (Spec A) - Pj (Spec B) for each affine open Spec A ¢ X and each affine
open Spec B ¢ 771 (Spec A) that are compatible with restrictions. The construction proceeds

by induction on 7.

r=0: Let SpecA’ c Spec A ¢ X and Spec B’ c Spec B be affine open sets, with Spec B c

7~1(Spec A) and Spec B’ c m~!(Spec A’). Then
Ox(Spec A) = A, Ox(SpecA") = A’, Oy(Spec B) = B, Oy(SpecB") = B'.

Set 795 = 7T|7S‘7£pec 5- As the square (2.23) is commutative, 7Y 5 are compatible with restric-

tions.

r=1: Let Spec Ac X and Spec B c 7~!(Spec A) be affine open sets. We have

P, (SpecA)=Ae M, and

P, (SpecB)=B@® (B®, M,).
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Define
Yhp: PéX(SpecA) - Péy(Spec B) by Yhigt (a, m) = (7%a, 1®m).

The maps v} 5 are compatible with restrictions: let Spec A’ ¢ Spec A and Spec B’ ¢ Spec B
with Spec B ¢ 77!(Spec A) and Spec B’ c 7-1(Spec A’). Then for (a,m) e A® M,,

L (a,m) ——— (7%a,1®m)
AeM, —2%, Be (Be, M,) 1
| } | (n#aly . (1@m)|z)
AeM, 25 Bo(B e, M,) [
(al g, mlar) = (7% (ala), 1@ (m]4))

r > 2: By induction, suppose that for each affine open Spec A ¢ X and each affine open
Spec B ¢ m~!(Spec A), morphisms of abelian groups 75 Pj ' (SpecA) — P !(Spec B)
compatible with restrictions have been constructed.

Let Spec A ¢ X and Spec B c 7= Spec A be open affine sets. We have

P, (SpecA) = Ao (R © My) and

Pr. (SpecB) 2 Bo (S5 1@, My).
Define

Vg Poy (Spec A) =Py (SpecB) by vip: (a,t®@m) m (7%a, 75 (1) ® m).

The maps 77,5 are compatible with restrictions: let Spec A’ c Spec A and Spec B’ c Spec B
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with Spec B ¢ m~1(Spec A) and Spec B’ c 7! (Spec A’). Then for (a, tem) € Ae(R'y! ;© M,),

(a, t®m) ———» (ﬂ#a,q/;{Bl (t)y®m)

Ae (R e My) 45, Bo (S5 11®4 My) I
| ! (w#al 5, (Vi3 () @m)[ )

(algr, thar ® mlg) — (7% (al 4), ’727]13/(t|Ar) ® (m|40))

Ao (R e My,) B prg (S5t 11®ar M y)

as 7'y are compatible with restrictions by the induction hypothesis.

This completes the inductive construction.

By Lemma 2.16, for each r > 0, we obtain a morphism of sheaves of abelian groups
vt Py~ Pl (satisfying properties (ii)(a) and (ii)(b) of the lemma).

Proposition 2.18. The collection of morphisms ~" constructed above is compatible with

projection maps, in the sense that for any r > 1, the following square is commutative:

-1 "
Tlpr s Py

Y T
| [

7T—1fp(;—1 vt o pr-1
X Y

Proof. By Lemma 2.17, it is enough to check that for each open affine Spec A ¢ X and each

open affine Spec B c 771 (Spec A), the diagram

Py (Spec A) SRELIN P5.. (Spec B)

' ‘e
ﬂ¢xl lﬂd’Y

P ! (Spec A) —= P.-!(Spec B)
AB

commutes. We proceed by induction on 7.



r=1: Let (a,m) e RY. The square

1
AeM, 222, Be (B®, M,)

| |

"YBxB
A > B

commutes, verifying the statement for r = 1.

r>2: Let (a,t®m) e R",. The square

Ao (R 1@ My) s, e (S5 u®a My)

| ,, |

Ao (Ry% @9 My) L§> B (S5?u®, My)

commutes.

(a,t®m) —— (n7a, 72‘31(15) ®m)

1
(r%a, 7" (75 (1)) ®@m)

(a, 7" 1(t) @ m) — (17a, 72_32 (ﬂ"”—l(t)) ®m)

Proposition 2.19. For each r >0, 4" is a morphism of sheaves of rings.

Proof. By Lemma 2.16, it is enough to check that each « 5 is a morphism of rings.
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For r = 0, 7# is a morphism of sheaves of rings, hence so is its restriction to any open set.

For r = 1, we verify that v 5 is a ring morphism: we have (a,m)-(a’,m’) = (aa’, am’ +a'm)

and

’YilB((aala am’+a'm)) = (ﬂ#(aa'), 1® (am’ +a'm))

= (n*a-7%ad, 7%a(l@m') + n%ad’ (1@ m))

= (7*a, 1@m)- (7%d’, 1em')

= vhp((@.m)) Ahp((am)).
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For r > 2,
(a,t®@m)-(a',t' @m') = (ad', 7" ((a,t@m)) - (t'®@m’) + 7" ((a’',t' ®@m)) - (t®m))
= (aa’, ((a,ﬂr’l(t) ® m)t’) om' + ((a’,ﬁr’l(t’) ® m')t) ® m) )
so that

Yagp((a,t®@m)-(a’,t" ®@m"))
= (7r#(ch')7 Vb ((a,wr_l(t) ® m)t') em’ + iy ((a', ) ® m')t) ® m)

= (7% (ad’), (7 a7z (7" (#) @ m)vip (1) @m’ + ((na’,Aig (777 (1) @ m)Yi5 (1) @ m) |

since 775 is a ring morphism by induction. On the other hand,

vap((at®m)) vap((d,t' @m')) = (nFa, Yi5(t) @ m) - (x%d, 2lip(t") @m')
= (r%a-7*d, 7" ((x%a, vip () ®m)) - (Vap(t) @m') + 7" ((n*d', Vi5(¢) @m")) - (vip (1) ®m))

= (7% (ad’), ((7%a, 7" (vip () ® m)YVap(t)) @m' + ((7%d, 7" (Vip (t') @m' )i (1)) - ®m).

We see that if 771 (i3 (1)) = 52 (- 1(1)),

Yap((a,t@m)) -Yyp((d', " ®@m')) = vyp((a,t @ m)(a’,t" @m’))

(and similar equality for ¢'). But the former is true because 77, 5 are compatible with restric-

tions (Proposition 2.18). O

Proposition 2.20. Let r >0 be an integer. The morphism ~" is compatible with ¥ and 1y,

in the sense that the following two squares commute:

TP —— P TPy —— P
X Y X Y
=i T amd ] €
710y —#) Oy 710y —#) Oy
™ ™

Proof. By Lemma 2.17, it is enough to check on open affines.
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Let Spec A ¢ X and Spec B c m~}(Spec A) be open affines. We recall the compatibility
hypothesis (2.16): 7*¢x = ¢y odm, so that also 7*Dx = Dy o7*, where Dy := ¢x odx and
Dy = ¢y ody.

For =0, 7% = 7# and ¢} = ¢, =id, so that there is nothing to check.

For r =1, the rings of sections are

AeM, — Be(B®,M,)

I [

A > B
An element a € A gets sent to
(a,0) — (7%a, 0) (a,Dx(a)) — (n#a, 1 ® Dx(a))

| |
1 1
(n*a, 0) by and (n%a, 1 ® Dy (7% a)) by Y1y

T T

a —— #a a > ma

For r > 2, the rings of sections are

_ Y .
Ao (R @, My) —% Bo (S 1®5 M,)

T 1

A

An element a € A gets sent to

(a, 0) — (7%a, 0) (a,1® Dx(a)) — (77a, 71 (1) ® Dx(a))
I I
(W#a, 0) by 1/1}" and (TI'#CL, 1® Dy(ﬂ'#a)) by ’l/)ﬁ
T T
a —— 1a at s Ta

]

The next goal is to show that the maps 4" induce isomorphisms between 7P} —and
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By where both vector bundles either both have their ¢; or both have their 1);; Ox-module

structure.
We proceed similarly to before, beginning with a lemma that will be useful for reducing

global statements to computations over affine open sets.

Lemma 2.21. Let (X,0x), (Y, Oy) be ringed spaces, w: Y — X be a morphism of ringed
spaces, Bx and By be bases for the topologies of X and Y, respectively, and F and G be an

Ox-algebra and an Oy -algebra, respectively.

For each pair of open sets U € Bx, V € By with U c m=Y(V), let yyv be a map of rings
Yov: FWU) = G(V),

and suppose that the collection {’YUV}UeBX,VeBy,Ucw—l(V) 18 compatible with restrictions. Sup-

pose, moreover, that for each pair of open sets U € By, V € By with U c m=1(V'), the square

FU) —2 G(V)
(2.24) T T

Ox(U) —= Ov(V)

(where the two vertical maps are the algebra structure maps) is commutative.

As usual, denote the pullback 7'F @10, Oy by n*F. We remind the reader that for

each y €Y, there is a canonical identification
(7 F)y = (77 F ®r10x Oy )y = Fr(y) ®0y 1y Oviy-
With the above set-up, there is a unique morphism of Oy -algebras
vt F =G

that satisfies the property that for each pointy of Y, and each pair of open sets U € By, V € By
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with y e V cn=1(U), the square

FU)@oyw) Ov(V) — G(V)

(2.25) l l

fﬂ—(y) ®OX,7T(y) Oy’y Yy gy

commutes (where the top horizontal map is obtained by the universal property of the pushout

from the diagram (2.24) corresponding to U and V).

Proof. By Lemma 2.16, there is a unique morphism ~': 771 F — G of sheaves of rings on Y,
with the property that for each y € Y, and each U € Bx, V € By with y € V c #=1(U), the

following square commutes:

F(U) 225 g(v)

! |

}—ﬂ(y) " ? gy

By Lemma 2.17 and commutativity of (2.24), the induced morphisms ~': 77!F - G and

7#: 110y - Oy make the square

1 F —)W, g

[ 1

71'_1(9)( —#> Oy
™

commute (where the vertical maps are the two algebra structure morphisms). The commu-
tativity of the above square implies that 7’ is a morphism of Oy-algebras.
Because the tensor product 7*F = 771F ®,-10, Oy satisfies the universal property of the

pushout of the diagram of Oy-algebras

1 F

[

7T71(9X —#> Oy
™
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there is a unique induced map v: 7*F — G of Oy-algebras making the following diagram

commute:

[ |

7T_10X —#> Oy
T

and for each y € Y, there is a corresponding commuting diagram of stalks

Yy

Fryy — Fa(y) ®0x ¢y Oviy

I f

Oxn) ——5— Ovy
Ty

FixyeY and U € By, V € By with y € V c 771(U). Denote the structure morphism Oy — G

by 7. We know that the following two squares are commutative:

FU) 2% G(v) oy (V) 2% g(v)
! Lo ] )
Fay) T> Gy Oyy — Gy

Moreover, by construction of F(U)®e, ) Oy (V) = G(V'), the following diagram commutes:

/7 g(v)

FU) —— F(U)®y_ 1y O (V)

1 i

Ox(U) ——— 0y(V)

Let f®g, feF(U),geOy(V), be a typical generator of F(U) Q0 (1) Oy (V). Chasing
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(f,U)® (g,V) through the square

F(U) @0y 1y Ov (V) — G(V)

! |

Yy
fﬂ-(y) ®(9)(,7r(y) OY}y gy

we have

feg: > 7Uv(f)'7(v)(g)
1
Yoy (f) - 7(V)(9), V)
|
(f,U)®(g,V) = g,((f,U)) -17,((9,V)) = (v (£), V) - (= (V) (9), V)

so that the square commutes.

This completes the verification that v exists, and that, for every y e Y and U € By, V € By
with y € V c 7=1(U), the corresponding square (2.25) commutes.

We argue that ~ is uniquely characterized. Suppose that ¢: 7*F — G is a morphism of
Oy-algebras such that that for every y € Y and U € By, V € By with y € V c 771(U) the

square
F(U) 80, 1y Or(V) — G(V)
fﬂ—(y) ®(9X,7r(y) OY::L/ T gy
commutes.

Then, for every y € Y, we have ¢, = v, (for any germ g in Fr(,) ®0 i) Oy, there is
a choice of base open sets U ¢ X, y € V c 771(U) so that g is in the image of the map

F(U) ®ox(U) Oy (V) ~ 7(y) ®0x,w(y) OY,y), so that ¢ = 7. ]

We introduce the notation

*pr _ _—1lpr *pr _ —1lpr
7TI P¢X =T P¢X I®7T_IOX OY and 7TH7D¢>X =T P¢X H®7T_1OX OY
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By the above lemma, Proposition 2.19 and (the proof of) Proposition 2.20, we obtain

morphisms of Oy-algebras
v Py~ Py, and Yi: T Pgy = Py

(where in the left equality P, 1s taken with its 1); Oy-module structure, and in the right

equality P} is taken with its ¢;; Oy-module structure).

Proposition 2.22. For each r > 1, the following two diagrams of Oy -modules commute:

* T
’7TI7T

0 — 7 (M®) —— TP, —= mPrt —— 0
7 ¢x I ox

(2.26) l lﬂ l,yf_l

0 —— (7*M)®" » Pr — s Ppl—— 0

and

* T
n7x

0 —— 7 (M®) — Wﬁp(; W_> Wflp(;—l — 50
X X

(227) | | |

0 — (m*M)*" y Pr—C s P > 0

(where, in both diagrams, m (M®") - (7*M)®" is the natural isomorphism,).

Proof. We prove that the diagram (2.27) is commutative for each r > 1; the proof that the
diagram (2.26) is commutative is similar (replacing II by I everywhere it is necessary).
Let SpecA ¢ X and SpecB c m~!(SpecA) c Y be open affines. As before, use the

notation

M, = M(SpecA), R} =P} (Spec A), Sp =Py, (Spec B).
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We remind the reader that above, for each r > 0, we have constructed a morphism of rings
Yap: Ry = Sp.
Moreover, the proof of Proposition 2.18 shows that, for each r > 1, the square
R, —2E2 g
(2.28) ”Tl lﬂ
Rz_l r—1 SE_]'
TaB

commutes.

The map
Py (Spec A) ®0, (spec 4) Oy (Spec B) = R ® 4 B — Sp = P;_(Spec B)
obtained by the universal property of a pushout is given by

t® b1y (0)vap(t).
For each r > 1, we have natural isomorphisms

(My®,B)®"=(My®,B)®g (My®,B)®g- 05 (M,y®,B)
2 (My®, 04 My)®, B

= (M) @, B.

Under the above isomorphisms, a typical generator (m; ® b1) ® -+ ® (m, ® b,) is sent to
(m1 ®---Q mr) ® (blbr)

By Proposition 2.2, we know that for each r > 1, ker(7% ) = M®" as Ox-modules. The
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proof of Proposition 2.2 in fact shows that ker(n’;) = ker(n%!) ®0, M. Let
K, :=ker(7'y ) (Spec A) and Q' = ker(7}, ) (Spec B).

Then K7, 2 K77! (® , M, and Q= Q5! ;®p (M, ®, B). Again, by the proof of Proposi-
tion 2.2, we see that the inclusion of K%' ;® , M, into R", = A& (R;' ;®, M,) is given by
t®m ~ (0, t®m), and similarly the inclusion of Q%! ;®5 (M, ® , B) into S% is given by
s®@(meb)~(0,s®(m®b)).

We verify that the right square in the following diagram commutes:

0 — (K y®@,M,)®, B — R,0,B 2% Rrrlg, B — 0

! | |

0 — Qp' y®z (M, ®, B) > ST > Sl ——— 0
Indeed,
o teb — 1(t) ® b
Ry®,B — R;'®, B 1
| | O (1)
AN ||
V(D) p(t) — 7 (P (D) V4 5(1))
where

vir (07 (77 () = ¥ ()7 (Vap (1))

by diagram (2.28) and

Ui (07" (Vap(t)) = 7" (V1 (0)Vas(t))

by the fact that 7}, is a morphism of Oy-algebras (Proposition 2.1).
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Therefore, there is an induced map of B-modules
(Ki' @4 My) ©4 B~ Q' 1®5 (M, ®, B)

sending (t®@m) @b~ (Yi7H(b)t)® (mel) =t®(m®b). After identifying K™ ;® , M, with
M ,®4" and Q5! ;®p (M, ®, B) with (M, ® , B)®?", this map coincides with the natural
isomorphism described above.

Therefore, for every affine open Spec A ¢ X and every affine open Spec B c m~!(Spec A),

we have shown that the diagram

0 — (M,®")®,B — R,0,B 2% Rr-lg, B — 0

| | |

0 — (M, ®,B)%" > ST > St ——— 0

commutes. By diagram (2.25), this is sufficient to imply that for every y € Y, the diagram

of stalks
0 —— (7" (M), — (7iPy,), — (miPp), — 0
0 —— ((m*M)*), —— (ng)y —_— (P;;l)y — 0
commutes. Therefore, diagram (2.27) commutes as well. O

Corollary 2.23. For each r >0, v{ and 7} are isomorphisms of Oy -algebras.

Proof. We prove that 7f; is an isomorphism of Oy-algebras for each r > 0; the proof for 4] is
similar.

First, we remind the reader that short exact sequences of locally free sheaves pull back
to short exact sequences of locally free sheaves. Indeed, let 7: Y — X be a morphism of
schemes, and suppose that

0-€E-K—-L-0
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is a short exact sequence of locally free sheaves on X. Since pullback is a tensor product,

we have the long exact sequence of Tor
AP Torflox (Oy, 77'K) - Torflox((’)y, 7 L) > > K-> 7L - 0.

But TorflOX(Oy, m1L) =0, since 771L is a locally free 7710 x-module, hence flat.
Therefore, by Corollary 2.3 the (commutative) diagram (2.27) has exact rows.
We now proceed by induction on 7. For r = 0, the statement is clear, since WfIPgX = Oy

and )} = ide,.. For r = 1, the diagram (2.27) specializes to

0 — oM —— P, —— Oy —— 0

FT

0 —— ™M >P;Y s Oy — 0

The left and right vertical maps are isomorphisms, hence the middle vertical map is also an
isomorphism by the five lemma.

Now let r > 2. In this case the diagram (2.27) specializes to

0 —— 7 (M®") —— m Py — mPyl —— 0
X X

J/g \L \LE by induction

0 —— (7*M)®" > Py, > Pt —— 0

The left vertical map is an isomorphism, and the right vertical map is also an isomorphism
by induction. Therefore, by the five lemma the middle vertical map is an isomorphism as

well. O

Finally, it remains to extend the isomorphism ~f to Py(F) =P} ;® F.

First, by [GD71, §0.4.3.3], we have an isomorphism

(W‘l’P;X) 1®r10, lF 5 W‘l(P(’;X 1®0, F) .



Moreover, the diagram

771 (YT ®id)

_1”0 Tlehed o, T s
™ x ———— T bx H®7r’1OX ™

commutes, which is evident upon passing to affines.

It follows that

WF(P;ZX ®o, F) 2 WF(PQX) 1®r10 T F

= WI*(PQX) 1®0, (Oy ®r-10, T F)

=71 (P ) u®o, ™ F.

Composing the above isomorphisms with

’Y{ ®id: 7TI* (P;X) H®OY T F — P‘;Y H®OY W*f,

we obtain an isomorphism

i} (P;X 1®o, F) = Ps, u®o, ™ F,
which we denote by 7 (F).

If VecHX,F), we denote by 7*V the image of V' under the composition

(2.29) HY(X,F) » H(n (X)), 7" F) > H'(Y, 7" F),

where the first morphism is a special case of (2.17), and the second morphism is extension
by zero.

We then have the following theorem.

80
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Theorem 2.24 (Functoriality). Let 7: Y — X be a morphism of schemes, M be a line
bundle on X, F be an Ox-module, and ¢x:Qx - M and ¢y:Qy — w*M be derivations

such that ™ ¢x = ¢y odmw. Then for each integer r >0, the map
W (F): i (P (F)) = Ph, (n* F)

s an isomorphism of Oy -algebras (P;;Y (m*F) is taken with its y;-induced Oy -algebra struc-
ture).

Moreover, let V .c HY(X,F), and 7V be defined as above. Then the diagram

T (V ®r Ox) — 7'('1* (,P;;X(f))
(2.30) l W (F)] 2

™V e, Oy —— ,Pg)y(ﬂ*f)

commutes.

Proof. 1t remains to check that (2.30) commutes. To show this, it is sufficient to check
that the corresponding diagram of stalks commutes over each point of Y. But the latter is

clear. 0

Similar statements hold for r = oo.

2.5 Pj(E) IN FAMILIES

Define a family X over a base B to be a surjective map m: X — B of schemes (in practice,
the map 7 will often also be flat, but flatness is not necessary for the result of this section).

Let 7: X - B be a family over B. We have the following exact sequence of sheaves on X:
W*QB - Q:{ g Q}I/B - 0.

Let M be a line bundle on X, ¢r: {2x/p = M be a morphism of Ox-modules, and define
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¢: Qx - M as the following composition.

Qxp —2 M
1

T /////d;ﬁnition of ¢
Qx
Let E be a locally free sheaf on X.
For any point b € B, denote the fibre of X over b by X, := 771(b), and let i,: X, = X be
the closed embedding.
Introduce the following notation: M|y, = M, @|x, = b, ¢xlx, = (¢x),, and Ely, = Ep.

By functoriality of pullback, the triangle

i;Qg/B i P irM Qx, (D7) M,
T /M ) T 4
iy Qx Qxly,

commutes, and consequently Theorem 2.24 implies the following theorem.

Theorem 2.25. With the above set-up, for any b e B, we have
P;(E)\Xb 2 Plony, (Bb)-
2.6 CHERN CLASSES OF P}(L) (FOR L A LINE BUNDLE)
We recall that, for a locally free sheaf F,

o(F) = ol F) + er(F) +

denotes its total Chern class.
Let X be a scheme, M and L be line bundles over X, and ¢: Q0x - M be an Ox-linear

map.
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From the exact sequence
0->M® ®L-PiL)->P,(L)~0,
it follows by the Whitney formula that
co(Py(L)) =c(M®" ® L) C(P;‘I(L)) =(1+rcei(M)+ci(L)) C(P‘;_I(L)).

Iterating, one obtains the following proposition:

Proposition 2.26. The total Chern class of Py(L) is given by
(2.31) «(Py(L)) = [T +Eker (M) +ei(L)).
k=0

Expanding the product, one obtains expressions for the Chern classes c¢,,(Pj(L)) in
terms of the first Chern classes of the line bundles M and L. The resulting formulas involve

(signless) Stirling numbers of the first kind.

Stirling numbers of the first kind. In this paragraph, for the sake of completeness and
for the convenience of the reader who is not familiar with Stirling numbers, we state and
prove several basic facts regarding Stirling numbers of the first kind that will be used in the
sequel. The reader who is familiar with this elementary material may wish to skip ahead to
the following paragraph, and most readers will likely prefer to skip the proofs.

The material in this paragraph is based on [Stal2].

Let 0 < k < n be integers. The (signless) Stirling number of the first kind, denoted by
o(n, k), is defined to be the number of permutations in the symmetric group S,, on n letters
whose decomposition into disjoint cycles contains exactly k cycles.b

Ifn<kork=0,set o(n,k)=0, except 0(0,0) = 1.

®We use the notation o (n, k) instead of the more standard c(n, k) to avoid confusion with Chern classes.
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For example, for any n > 1, o(n, 1) is the number of permutations in S,, with exactly one
cycle, which is n!/n = (n—1)!, and o(n,n) is the number of permutations with exactly n

cycles, which is 1 (the identity permutation).

Proposition 2.27. The numbers o(n, k) satisfy the recurrence

on+1,k)=0(n,k-1)+no(n,k) foralll<k<n.

Proof. Tf a permutation fixes the (n + 1)-st letter, then (n + 1) is a cycle of length one in
the decomposition of the permutation into disjoint cycles. The cycle (n + 1) can be added
to o(n, k- 1) permutations to form a permutation on n + 1 elements with exactly k cycles.

Otherwise, the (n+1)-st letter is a part of a larger cycle. There are o(n, k) permutations
on n letters with exactly k cycles, and the (n + 1)-st letter can be insterted in n spots
in the decomposition of each of these permutations into disjoint cycles, yielding no(n, k)
permutations on n + 1 letters with exactly k cycles.

These account for all possible permutations in S,,; with exactly k cycles, since the

(n + 1)-st element is either fixed or not, yielding the recurrence. O
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The above recurrence gives a convenient way to compute o(n, k). For example, the first

several Stirling numbers

o(1,1)
VRN
o(2,1)  0(2,2)
SN N
o(3,1) a(3,2) a(3,3)
SN /N N
o(4,1) 0(4,2) o(4,3) o(4,4)
VA N N NN

are

2 1

/

24

N

/ AN
6 1
AN /

5 0 1

0 35 1

The result of the following simple computation will be applied several times.

Lemma 2.28. Fizn>0. We have

zn: o(n,n—k)s"*th = zn: o(n, k) sf " = s(s+1)(s+2t)(s+ (n—1)t).

k=0 k=0

Proof. The first equality is a simple change of parameter of summation. To prove the second
equality, note that the polynomial F,(s,t) :=s(s+1t)(s+2t)---(s+ (n—1)t) is homogeneous

of degree n (being a product of n homogeneous linear terms), so can be written in the form

Fu(s.t) = s(s+£)(s + 26)(s + (n - 1)t) = éf(n, k) shenh
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for some coefficients 7(n, k). We verify that the 7(n, k) satisfy the recurrence for o(n, k) of
Proposition 2.27, as well as the same initial conditions, hence that 7(n,k) = o(n, k).

By convention, the empty product is equal to one, hence 7(0,0) = 1. Also, 7(n, k) =0 if
n < k (since the exponent of ¢ is always nonnegative) or k£ = 0 (since the monomial ¢ is not
present in F,,(s,t)).

Since

% r(n+1,k)s*" k= F 1 (s,t) = (s +nt)F,(s,t) = (s +nt) (zn: T(n,j)sjt"j)

k=0 3=0

= Zr(n,j)sj”t”‘j + ZnT(n,j)sjt”“‘j

=0 =0
n+1 n

= Z 7(n, k—1)sken+i=r 4 Z n7(n, k)skemi-k,
k=1 k=0

it follows that

T(n+1,k)=1(n,k-1)+n7(n,k) for all 1 <k <mn,

which completes the proof. n

Formulas for ¢,,(P;(L)). Write p:= ¢;(M) and A := e1(L). Applying Lemma 2.28 to
(2.31), we have

c(Py(L)) = (L+A) (1 + X+ p)(L+ A +7p)

r+1
=Y o(r+1,r+1-k)(1+X)" 1k
k=0
r+1 r+l1-k 1= )
:Za(r+1,r+1—k)( > (r+ . k))\g)uk
k=0 §=0 J
r+lr+l-k _ )
=> > 0(r+1,r+1—k3)(r+1, k))\]uk.
k=0 j=0 J

Therefore,
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Theorem 2.29. For any m=0,1,...,r+1, we have
(2.32) en(PULY) = S o(r + L +1-K) ( . )cl(L)m e (M)E.
k=0 UL

Proof. From the formula for ¢(Pj(L)), we have

el (r+1—k

n(PY(L) = R o(r+ L7+ 1) )Am-’mk,

m -k

and the claimed expression (with the summation terminating at k = m instead of k =7+ 1)

follows by noting that (Hl_kk) =0 for k> m. O

m—

Another interpretation of the coefficients. Let S be a finite set. For k € N, define

J(S. k)= []a,

1cS ael
[1=k

with the two conventions that a sum indexed by an empty set is equal to 0 (so that J(S,k) =0
for k> |S|), and that a product indexed by an empty set is equal to 1 (so that J(S5,0) =1).

When S ={1,...,n}, write

J(n,k)=J{1,...,n}k), so that J(n, k)= Z [

Ie{L,...,n} jeI
\T]=k
As special cases, we obtain

J(n,n) =n! and J(n,1)=1+2+--+n,

and one can think of J(n,k) with 1 <k <n as interpolating between these two functions.
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By expanding the product s(s+t)(s+2t)---(s+ (n—1)t), we see that

s(s+t)(s+2t)(s+(n-1)t) = ;J(n ~1,n-k)skt"*,

so that, as a consequence of the second equality in the statement of Lemma 2.28,
J(n-1,n-k)=0(n,k).

The above equality may also be proven by checking that J(n —1,n — k) satisfy the same
recurrence and initial conditions as o(n, k).

In terms of the functions J(n, k), Proposition 2.29 becomes

r+l1-k

ok )cl(L)m_kcl(M)k for any m=0,1,...,r+1.

(233) en(PY(L)) = lij(r, k) (
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Chapter 3

Applications, part I: Weierstrass weight in

degenerating families of curves

For this chapter, the base field is the complex numbers C. We will use the languages of

finite-type schemes over C and complex analytic spaces interchangeably.

3.1 A FAMILY OF PLANE CUBICS DEGENERATING TO A CUSPIDAL CUBIC

We begin with a simple example that is representative of one type of geometric situation
that can be analyzed using this chapter’s methods.
Let {Ci}ic C ]P’%XY:Z] x C; be a family of plane cubic curves, with C; defined by the

equation

Co=V(Y2Z - X*-17%).

The fibre over ¢ = 0 is a cuspidal cubic, and a quick computation shows that the remaining
fibres of the family are smooth.

Recall that a point p of a plane curve C' is called a flex point if the multiplicity of the
intersection of T,C with C' is > 3. It is well-known that the flex points of the smooth cubic

curve C' c P2 with equation F' = 0 are exactly the points of intersection of C' with its so-called
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Hessian curve:
Fxx Fxy Fxyz
He:=V|det| Fyx Fyy Fyz ||
Fzx Fzy Fyy

(where F'xy denotes the second partial derivative of F' with respect to X and Y, and similarly
for the other entries of the matrix). In particular, since both C' and H¢ have degree 3, C
has nine flex points by Bézout’s theorem.

Returning to the family {C;}, it is clear that the corresponding Hessians H¢, (t # 0)

themselves form a family {H¢, }recr. Set

C={(z,t)eP*xC:x¢€C;} and  H={(z,t)eP*xC*:x e Hg,},

and let H denote the Zariski closure of # in P2 x C. Then the scheme-theoretic intersection
Fl:=Cn®H is a divisor in both C and H. For t # 0, (FI), consists of the nine flex points of
Cy, and the fibre (Fl)o over ¢t = 0 can be thought of as the limiting scheme of the flex points

ast — 0.

For a smooth fibre (Y, intersecting with H¢,, we compute that the flex points are

[0:1:0], [0:Vt:1], [0:=V%:1],
[a:iB:1], [ap:iB:1], [ap®:iB:1], a=-V4at, B=\3t, pu=exp(2mi/3),

[:—if:1], [ap:—=iB:1], [ap?:-if:1],

and observe that, as t — 0, each flex point except [0:1:0] approaches the cusp of Cy (with
coordinates [0 : 0 : 1]). The scheme FI is then supported at two points, [0 : 0 : 1] with
multiplicity 8 and [0:1: 0] with multiplicity 1.

Choosing other single-parameter families of smooth planar cubic curves that acquire a
cusp over a marked point, we find in each case! that exactly eight of the nine flex points

tend to the cusp as the parameter tends to the marked point. In fact, this is a general

'If we are lucky and can carry out the computation!
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phenomenon, and one beautiful explanation for why it occurs is given by the theory of
Néron models. Here we can only give the following sketch.

Let C' be a smooth genus one curve (without a chosen embedding for the moment). It is
well-known that a choice of marked point py of C' induces an elliptic curve structure on C' by
means of the bijection C' - Pic(C') that sends p to Oc(p—po), and that |3pol is a very ample
linear series that gives an embedding of C' into P2. Now, if C' c P? is a smooth cubic with
a fixed embedding into P2, and p; is one of the flex points of C, we have |3py| = Op2(1)|,
(since the tangent line T, C' meets C' with multiplicity 3), and therefore the embedding by
|3p¢| recovers the fixed embedding. If p} is another flex point, 3p} is linearly equivalent to
3py; then, 3(’)0(])} -pf) = 00(3]9} -3ps) = Oc(0), so p’ is a 3-torsion point. Conversely, a
3-torsion point is a flex point.

Normalizing Cy and discarding the preimage of the singular locus, it turns out that we
obtain the Néron model of the fibre of the family {C;} over the generic point (!). Discarding
the singular point from the normalization of Cj, we obtain the set P! \ {p} = C (where p is
the preimage of the cusp point). One can show (for instance, by applying Tate’s algorithm
[Tat75]) that the group structure on P\ {p} is that of the additive group G,(C), which has
only one 3-torsion point.

In the limit as t — 0, a flex point of C} goes to either a 3-torsion point, or the cusp
point (which was discarded from the Néron model). Only one flex point of C; goes into the
3-torsion point of G,(C), and therefore the remaining eight flex points of C; are absorbed
into the cusp point.

A family of smooth planar cubic curves that acquire a node over a marked point may
be analyzed similarly — after passing to the normalization, the underlying set of the group
of smooth points of a node is P! with two points removed, i.e. C*, and the group structure
turns out to be that of the multiplicative group G,,(C). The multiplicative group has exactly
three 3-torsion points, each of which is the limit of a single flex point, and the remaining six

flex points of C} are then absorbed into the node.
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In this chapter, we will develop a method that provides another explanation for the num-
bers eight and six above, and applies to more general curve degenerations. Namely, we will
consider a family {C}}er ¢ S x T of curves over a base scheme T', with each fibre contained
in a smooth projective surface S, and with smooth general fibre. The appropriate general-
ization (and refinement) of the divisor Fl c C of flex points is the divisor W of Weierstrass
points of a linear system on {C}}r. Supposing that {C}},r acquires a singularity over a
marked point ty € T', we will describe a way (using ¢-principal-parts-bundles) of measuring
how many Weierstrass points (taken with multiplicity equal to their Weierstrass weight) are

absorbed into the singular point as t — .

We now summarize the contents of this chapter.

The first major goal of the chapter is the extension of the notion of Weierstrass weight
(of a linear series) to singular points of a curve C' contained in a smooth surface S, and the
demonstration of the fact that the sum of the Weierstrass weights of the points that get
absorbed into a singular point in a curve degeneration is equal to the Weierstrass weight of
the singular point.

In §3.2, we collect some preliminary material from duality theory.

In §3.3, we construct the morphism ¢: Q¢ — we (that will be used for PZ*(L) in this
chapter). The construction of ¢ is carried out by choosing a local equation f =0 of C over

an open set U c S, restricting the local morphisms Qg(U) - Ks(C)(U) given by

W WA —

to C, and checking that the restrictions do not depend on the choice of f, which allows
gluing the restrictions to a global morphism ¢.

In §3.4, we review the concept of a Weierstrass point of a linear series V ¢ H(C, L)
of degree d on a smooth algebraic curve C, and the concept of the Weierstrass weight of a

point of C', to set the stage for the generalization of these concepts to the case of a possibly
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singular curve in the following section. In particular, we recall that the Weierstrass weight

at a point p may be computed as the order of vanishing of the determinant of the morphism
Ve,0c— Pd(L)

at p (where P4(L) is the usual principal parts bundle).

In §3.5, we extend the notion of Weierstrass weight from the smooth case to the singular
case. By analogy with the smooth case, we define the ¢-Weierstrass weight at any point
of a (possibly singular) curve C' c S to be the order of vanishing of the determinant of the
morphism

Ve,0Oc — 'Pg(L),

at the point p, where ¢: Q¢ - we is the morphism constructed in §3.3. We denote the
¢-Weierstrass weight at p by w,(p).

Then, we show that the construction of the morphism ¢ behaves well in families. As a
consequence, we show that for a family of curves {C; };p1, with Cy, singular for some ¢, € P!
and C; c S for all ¢, and with the morphism of §3.3 constructed over C; denoted by ¢;, there
is a (nonempty) neighbourhood U of ty, such that for all ¢ € U, there is a divisor W c S x P!,

such that

WnCi= 3" we(p)p.

peCy

This allows us to conclude that the amount of Weierstrass weight that gets absorbed into a
singular point is equal to the ¢-Weierstrass weight at that point, achieving the first major
goal of the chapter.

The second major goal of the chapter is the demonstration of formula (3.10), which is
a result of independent interest that in addition gives a convenient way of computing the
Weierstrass weight at a singular point.

Formula (3.10) is proven in §3.6. Before the proof is obtained, it is necessary to develop

some additional objects (some of which are of independent interest).
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We therefore begin §3.6 by constructing the adjoint divisor A of the normalization 7: C' —

C of C. By definition,

A= Z A,,
peC
where
A, = Z Vi T
renr—1(p)

and where, in turn, for any point r € 7=(p),

v, = —ord ﬂ*( du )
T T af/ay Y

f =0 being a local equation of C' in a neighbourhood of p.
One reason for introducing the divisor A is that it allows us to identify the vector bundle
obtained by pulling back the bundle 73;)”([1) to the normalization of C. Namely, we show

that we have the isomorphism

TPy (L) 2 PA(7"L),

where -A: K5 - K5(A) is the morphism obtained by multiplying the sections of K by a
local equation of A.
The identification of the pullback of PJ*(L) to the normalization of C, then, allows us to

demonstrate the formula (3.10) at the end of §3.6. The statement of the formula is

n+1 -
wo(p) = (degA,,)( . )+ S @),
-1
rex—1(p)

where @ (r) is the Weierstrass weight of the pulled back linear series 7*V at 7 € C, and the
proof of this formula achieves the second major goal of the chapter.

We finish the chapter by computing several examples in §3.7. In particular, we give
another proof that exactly eight of the nine flex points get absorbed into the cusp in a

degeneration of a family of plane elliptic curves to a cuspidal cubic, and exactly six of the
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flex points get absorbed into the node in a degeneration of a family of smooth planar elliptic

curves to a nodal cubic.

3.2 THE DUALIZING SHEAF AND ADJUNCTION

This section contains several preliminary facts about the dualizing sheaf (all of the references

are to [Har77]).

Definition. Let X be a proper scheme of dimension n over a field k. A dualizing sheaf for
X is a coherent sheaf wx on X, together with a trace morphism ¢: H"(X, wx) — k, with

the property that for each coherent sheaf F on X,
Hom(F, wx) x H*(X, F) — H"(X, wx) = k

is a perfect pairing.
Theorem. Let X be a projective scheme over a field k.

(i) (Propositions I11.7.2 and II1.7.5) The sheaf wx ezists and is unique up to isomorphism.
(ii) (Corollary II1.7.12) If X is also smooth, then wy = Kx = AM™X Q.

(iii) (Proposition II11.7.5) If X is embedded as a closed subvariety of PY, then

codim N

wx 2 SxtPNd (%P (OX, Qpiv) (Ext denotes the sheaf Ext).
k

Duality. Although the duality theorem will not be directly applied in this chapter, it was

the impetus for the introduction of the dualizing sheaf, so we include its statement.

Theorem (Duality for Projective Schemes — Theorem I11.7.6). Let X be an equidimensional
Cohen-Macaulay projective scheme of dimension n over an algebraically closed field k. For all
i >0 and all coherent sheaves F on X, Ext'(F,wx)x H" (X, F) — H"(X, wx) 5 k

s a perfect pairing.
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Adjunction. For any sheaf F of Ox-modules, denote the dual sheaf of F by FV =
Homy,  (F,Ox).

Let X be a closed local complete intersection of codimension r in a smooth variety Y
over a field k£ (with the embedding denoted by i: X - Y'), Z be the ideal sheaf of X in Y,
and Ny = (Z/Z?)" be the normal sheaf of the embedding.

Theorem (Adjunction, Theorem II1.7.11). We have wx % i* (Ky ® /\Nx/y).

Corollary. For a closed embedding i: C'— S of a curve C' in a smooth projective surface S,

the adjunction formula implies that
we 2 Z*Ks(C)

In particular, we is a line bundle, there is a morphism Kg(C) — i.we, and if U ¢ S is

an open subset with local coordinates x,y in which C is given by the equation f(x,y) =0,
” (dm A dy
7

f

Proof. Because C'is an effective Cartier divisor in .S (S being smooth), the normal sheaf of

) gives a local frame for we(U).

Cin S is
Nc/s = i*Os(C).

Therefore, by Theorem 3.2,
we 21" (KS ® 05(0)) = Z*Kc(S)

Being the pullback of a line bundle, w¢ is itself a line bundle. Because i, and ¢* are adjoint
functors, we have Home,. (i* Ko (C), we) = Home, (Kc(C), i.we). The statement regarding

the local frame follows because (dx A dy)/f is a local frame for Kg(C') over U.
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3.3 CONSTRUCTION OF THE DERIVATION ¢: ¢ = wo

Let C' be a (possibly singular) curve contained in a smooth projective surface S, and let
1: C' > S be the closed embedding.

Let U be an open neighbourhood in S with UnC' # @, with local coordinates = and y, and
local equation f =0 for C'. Over U, the Og(U)-module Qg(U) is generated by dx and dy, and
Ks(C)(U) is generated by (dx Ady)/f. Define an Og(U)-module map Qg(U) - Kg(C)(U)
by

df

W WA —

or, more explicitly,

ad:v+bdyl—>(a8—f—ba—f) dx;dy’

ay O a, bEOS(U)

Composing with the map K¢(C)(U) — i.wc(U) given by adjunction (Corollary in §3.2),
we obtain a map Qg(U) - i.we(U), for any choice of local equation f of C'in U.

Now, over U, the sections of the sheaf i,{Q)c are given by

(dx, dy).

i.Qc(U) = R

Since under Qg(U) - i,wc(U), df gets sent to df A (df/f) =0, we obtain an induced map
1.Qc(U) = i,we(U).

Suppose that g = 0 is another local equation for C' in the same open neighbourhood U
with same coordinates x and y. Then g = uf, where v is a unit in Og(U). Being a logarithmic

differential, we have
dg _d(uf) _udf+fdu_ﬁ+d_u
g uf uf foou
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Writing w A du/u in terms of the local frame (dx A dy)/f of Ks(C)(U), we have

u

(aﬁu 8u)dx/\dy_(a@_b@)idx/\dy
“\oy Ox)u f

The last expression clearly vanishes on C', being a product of a regular section over U with
f. Therefore, the map i,Qc(U) - i.we(U) does not depend on the choice of local equation
after restriction to C.

Cover C' by open neighbourhoods in S with a choice of local equation in each. We have
constructed a section of Hom, (¢, we) (U n C) (the sheaf Hom) for each neighbourhood
U in the cover. For any intersection of two such neighbourhoods, say U n U’ with local
equations f and f’, respectively, the restrictions of the local equations to U n U’ are again
local equations in the intersection. Since we have shown that the restriction of the map
i.Qc(UnU") - i,we(UnU’) does not depend on the choice of local equation, we see
that the maps i.Qc(U) = iwwc(U) and i,.Qc(U’) - i,we(U’) agree on the intersection.
Therefore, we can glue together the sections in Homy, , (¢, we) (U N C) to a section in
Hom,, (2o, we) (), that is, a morphism Q¢ - we of Oc-modules.

We summarize the construction of this section by the following commutative diagram:

1 1 JRestriction
1,00 — 1,00 —— iwe
Remark. When C' is a smooth curve, the composition ¢ i) we = Qo (where the first
map is the derivation ¢ constructed above, and the second map is the identification of w¢
with Q¢ = K¢) is the identity morphism. To see this, note that our construction of ¢ becomes
the construction of the Poincaré residue map when specialized to the case when C' is smooth,

and the latter is an explicit isomorphism Kg(C)|, = Q¢ (cf. [GHTS, p. 147)).
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3.4 WEIERSTRASS POINTS IN THE SMOOTH CASE

The notion of a Weierstrass point of a linear series on a curve can be considered to be a
refinement (along several directions) of the notion of a flex point of a plane curve — one
considers arbitrary linear series (not necessarily inducing an embedding into P2, and even
possibly with base points), one considers all of the members of the linear series instead of
only the tangent lines to the image of C, and one keeps track of finer information regarding
multiplicities. For plane cubic curves, the Weierstrass points are exactly the flex points. In
this section, we rapidly review the basic definitions, referring to [GH78, §2.4] or [ACGHS84,

App. A] for much more.

Weierstrass points. Let C' be a smooth curve, p be a point of C', L be a line bundle
on C, and V c H°(C,L) be a linear series of dimension n + 1. It is not hard to see that
# (ord,(V ~ {0})) = n+1. Taking the integers in ord, (V' ~{0}) in increasing order, we obtain
the sequence ag(p, V') < ai1(p,V) < - < a,(p,V), called the vanishing sequence of V" at p. We
will denote the vanishing sequence by a(p,V’) in the sequel. For a general point of C, the
vanishing sequence at the point is {0,1,...,n}.

The shifted sequence ag(p, V) <+ < a(p, V') defined by a;(p, V') := a;(p, V') =i is called
the ramification sequence of V' at p. We will denote the ramification sequence by a(p, V).
For a general point of C', the ramification sequence at the point is then {0,...,0}.

A point p of C is called a Weierstrass point (or inflectionary point) of V' if a(p,V) #
{0,...,0}. The Weierstrass weight of V" at p is w(p,V) := X1y a;(p, V). A point p of C'is a
Weierstrass point of V' if and only if w(p, V') # 0.

Suppose that C' has genus g, and L has degree d. The Weierstrass weight obeys the

following relation, called the Pliicker formula:

(3.1) Zw(p,V)=(n+1)d+(n;1)(29—2).

peC
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Ezamples. (i) (Riemann-Hurwitz formula for maps to P!) Let V be a basepoint-free linear
system of dimension n +1 =1+ 1, so that V' induces a map ¢y : C' - P!. For each point p
of C, let e, denote the ramification index of ¢y at p. The vanishing sequence of V' at p is
equal to {0,e,}, so that the ramification sequence is {0,e, — 1} and the Weierstrass weight

at p is e, — 1. The Pliicker formula specializes to

Zé(ep -1) =2d+ (29 -2),

which, after rearrangement, is nothing but the Riemann-Hurwitz formula:

29c —2=d(2gp —2) + Y (e, - 1).
peC

(ii) (Flex points on a smooth cubic) Suppose that C' is smooth, and that V' is a very ample
linear system of dimension n +1 =2+ 1 and degree 3 (so that ¢ embeds C' as a smooth

plane cubic).

Let p be a point of C. The order of vanishing of a section s in V' at p is equal to the
multiplicity mult,(¢s.C') of intersection at p of the corresponding line ¢, in P? with C. For
a line ¢ not intersecting C' at p, mult,(£.C') = 0; for a line intersecting C' transversely at p,

mult,(£.C') = 1; for a line tangent to C' at p, mult,(¢.C') € {2,3}.

If mult,(7,C.C) =2, then a(p,V) = {0,1,2}, hence a(p,V) = {0,0,0} and w(p) = 0. If
mult,(7,C.C') = 3 (i.e. pis aflex point of C'), then a(p, V') = {0, 1,3}, hence a(p, V') = {0,0,1}

and w(p) = 1.

Pliicker’s formula then specializes to
. 3
Number of flex points of C'=3-3 + (2)(2 1-2)=9,

recovering the count of nine flex points.
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Weierstrass weight via principal parts bundles. The Weierstrass weight of V' at p
may be found by the following construction. As before, suppose that dimV =n + 1.

Taking top exterior powers of the morphism
U:VecOc— P (L),

we obtain a morphism

n+1 n+1
detU: AVeOc— /\P"(L).
Treating det ¥ as a global section of the locally free sheaf Hom ( AV ® Oq, N P”(L)),

we can ask about its order of vanishing at points of C.

Theorem ([EH16], p. 269). For each point p of C, the order of vanishing of the determinant

det U is equal to the Weierstrass weight w(p) of V' at p.

3.5 ¢-WEIERSTRASS WEIGHT, AND ITS BEHAVIOUR IN FAMILIES

¢-Weierstrass weight. Let C' be a curve (possibly singular), L be a line bundle on C,
V c HY(C, L) be a linear series of dimension n + 1, and ¢: Q¢ - we be a derivation.

Define the ¢-Weierstrass weight of V' at p to be the order of vanishing? of the determinant
of the morphism V' ® Oc - P} (L) at p (by analogy with the smooth case). We denote the
¢-Weierstrass weight of V' at p by we(V,p) (or simply w(V,p) or w(p) if there is no danger
of confusion).

When C' is smooth and ¢ = id, the ¢-Weierstrass weight is the usual Weierstrass weight
(as described in the previous section).

In §3.6, we will describe a way to compute the ¢-Weierstrass weight of a point by passing

to the normalization of C.

2We recall that the order of vanishing of a section in the local ring Oc,p = A is defined to be ord,(s) =
length 4 (A/(s)) [Ful98, p. 8]. When p is a regular point, ord, becomes the usual discrete valuation of O¢ .
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Varying ¢: Q¢ - we in a family. The purpose of this paragraph is to make sense of an
extension of the construction of §3.3 to the case of a family of curves.

Let S be a smooth surface, T' be an scheme, p: S xT — T be the projection of S xT onto
the second factor, and C a Cartier divisor in S x T" such that p|, is flat.

Let f be a choice of local equation for C in an open subset U of S xT". We have the
following commutative diagram of sheaves over U where the left column is the exact sequence

for Qg.7/r, and the rows depend on the choice of the local equation f:

p*Qr

L

Qgur —— 02.(C) over U.

! 1

Qserir I Qryr(C)

We thus obtain a morphism
(3.2) Qsur > Qeqyr(C)  over U

Proceeding similarly to §3.3, we verify that after restricting to C the morphism (3.2) no longer
depends on the local equation of C. By gluing together local morphisms thus obtained, we
construct a morphism ¢,: Q¢/r — weyr on C that fits into the following diagram, where the
top row is local and depends on the choice of f, whereas the bottom row is global (the

diagram commutes for any choice of local equation for C over an open U c S x T'):

Qsur — QSxT/TO'VEr'UgéxT/T (C)

(3.3) l \L JRestriction

1xPp

(where i: C - S x T is the inclusion map).

By composing the two maps in the bottom row of (3.3), we obtain a derivation ¢: ¢ —
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weyr. For any t € T', we obtain the following commutative diagram upon restricting to Cy:

Qct ﬁ) th

T

Qcle,

where ¢, is the same derivation as the one constructed by the method of §3.3 for the curve
Ct cS.

Let & be a vector bundle over SxT', and E; := &|,. By Theorem 2.25, we conclude that
(3.4) Py, 2 Ph(E)  forany r>0, teT

The Weierstrass weight absorbed by a singular point in a degeneration. Continue
with the set-up of the previous paragraph.

Let £ be a line bundle on C, V ¢ H(C, £) be a linear system, L; = L|,, and V; = V|, .

Suppose that, for each ¢ € T, |V| does not contain any irreducible component of C;
(equivalently, that the restriction map V — V; is injective for all t).

Let

W =V (det(V ®c O¢ — 'P(;;(ﬁ)))
be the Weierstrass weight divisor.
By Theorem 2.25, we can conclude that

det(V ®c Oc > Py(L))|,, = det(Vi ®c Oc, = P, (Ly)).

Thus,

WnCy= ) wy (p)p

peCl

We obtain the following consequence.

Theorem 3.1. Let T be an irreducible scheme, and ty € 'T" a point. Suppose that the general
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fiber of C = T is smooth, and p is a singular point of Cy,. Then there exists a curve D c T,
an open neighbourhood ty € U c D, positive integers wy, . .., wy, with wy+--+wy = we, (p), and

sections p1,...,pr: U = C, with p;(t) a Weierstrass point of Cy of weight w;, and p;(0) = p.

Proof. The locus of T" over which the fibre C; is singular is closed, and similarly the locus of
T over which some of the Weierstrass points meet is also closed. Therefore, restricting to a
dense open subset U of T, we may assume that C} is smooth and the cardinality of W n C}
independent of ¢. Then, it is sufficient to choose D to be a curve in T' that passes through

to and with DnU # &. O

Theorem 3.1 gives a complete solution to the problem of computing how much Weierstrass
weight gets absorbed by a singular point in a curve degeneration, which is the focus of this

chapter.

3.6 COMPUTING THE ¢- WEIERSTRASS WEIGHT ON THE NORMALIZATION OF C'

Although in principle the previous sections solve the problem of computing how much Weier-
strass weight is absorbed by a singular point in a curve degeneration, the Weierstrass weight
at a singular point may be difficult to compute from the definition.

In this section, we prove formula (3.10), which is a result of independent interest that is
also useful for computing the ¢-Weierstrass weight of a point in terms of quantities defined
on the normalization of C'.

As an intermediate step toward the proof of formula (3.10), we identify the vector bundle

obtained by pulling back P;”(L) to the normalization of C'. The statement (Theorem 3.5) is

TPy (L) 2 PA(m"L),

where 7: C > C is the normalization of C, A is a divisor on C that is constructed below,
and -A: Kz - K5(A) is the morphism that is given by multiplying the sections of Kz by

the local equation of A.
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The contents of this section are developed in the opposite order from the order of their
introduction above — first, we construct the divisor A and compute A in two sequences of
examples, then we identify the pullback of P;”(L) to the normalization of C, and then we

prove formula 3.10 at the end of the section.

The divisor A and pullback of P}*(L) to the normalization of C. Continuing with
the notation of the previous sections, let C' be a curve contained in a smooth projective
surface S, and 7: C' - C be the normalization of C.

We begin by constructing the divisor A.

Let Sing C' denote the set of singular points of C, and let Cy := 7! (C'\SingC). Over
Cy, the three line bundles Kglg,, mwelg, and mQc|s, are all isomorphic. We have a

commutative diagram
Ké(é@) — W*wC(éo)
T

Qe (Co)
with all of the maps being isomorphisms.
Let U be an open neighbourhood in S in which C has local equation f = 0, and over
which C has a local coordinate t. Let U = 7-1(U) and Uy = 7=2(U)nCy. Writing out the map

K&(Co) - mwe(Co) in terms of the local frames induced by the choice of local coordinates,

dt»h(dx/\dy),

Write the normalization as 7: ¢ = (m1(t), m2(t)) in local coordinates in U. We chase the
(class of) m*dz in 7*Qc(Up) through the diagram: going up to Kx(Uy), m*dx gets sent to

dry/dt dt, which in turn gets sent to

in W*wC(UO).

@h 7T*(dx/\aly)
dt f
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On the other hand going diagonally, 7*dx is sent to

9 d + 9L dy 0
* ox Oy * fd$/\dy)
T lde N ————| =7 (—— .
( f ) dy f

We conclude that

am ey Ox(T)

3.5 —
(35) dt dy

The section h extends to a possibly meromorphic section over U, which we again denote by h.
We would like to show that the extension of k over U is in fact holomorphic, or equivalently

that ord, (k) 2 0 for all r € U. From equality (3.5), we see that

af dx
3.6 ord,(h) = ord, (W*—) —ord, (7*dx) = —ord, 7~ ( ) .
(3. (h) o) -ord, (xda) T
Therefore, it is enough to show that ord,(7*dz) < ord, (W*%).
Let r € C. Choose an open neighbourhood U of 7(r) in S, with local coordinates x,y, in

which C' is given by the local equation f =0, where f has a power series expansion
f(xay) = Zcijxiyj>

and such that the branch of the normalization C' that contains the point 7 has a local coor-
dinate t. By means of translations, the coordinates may be chosen so that r has coordinate
t =0, and 7(r) has coordinates (x,y) = (0,0). Finally, after possibly linearly changing coor-
dinates on C', the coordinates may be chosen so that neither 7*x nor 7*y is identically zero

on C' (a general linear change of coordinates will achieve this).

Lemma 3.2. With the setup of the previous paragraph, we have ord, (w*dz) < ord, (W*g—;j).
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Proof. Set

a:=ord, (7*x), b:=ord, (7*y),
d:=min{ai+bj: ¢;; # 0}, Sa={(i,7):¢c;j #0, ai +bj =d}.
We observe that
(i) a>1 and b> 1, since r € 71((0,0)) by assumption.

(i) [Sq| > 2, since 7*f = 0 and neither 7*z nor 7*y is identically zero by the choice of
coordinate system (there must be at least two monomials of lowest degree to have

cancellation).
(iii) Therefore, there is a point (7,7) € Sy with j # 0.

We have

ord, (7*dx) =a -1,

and

% =Y jegaty’h so that ord, (ﬂ'*%) =d-b,

The statement we want to show is
a-1<d-0b or, equivalently and symmetrically, d>a+b-1.

We achieve this by considering several cases:
First, suppose that there exists (i,7) € S with @ # 0 and j # 0. Then the statement is

clear because a >1 and b > 1:
d=ai+bj>a+b>a+b-1

Otherwise, for all (i,j) € Sq, we have i-j = 0. Then Sy = {(i4,0), (0,74)}, where d = aiy =
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bja (as argued previously, S; has at least two elements).

If ig > 2 and jg > 2, then a < d/2 and b < d/2, so that d>a+b>a+b-1. Otherwise, at
least one of i4 and j4 is equal to 1.

Suppose that ig = 1. Then ¢ # 0, C' is smooth at (0,0), and 7 is a local isomorphism.
The tangent line to C' at (0,0) is given by the equation c¢1ox + co1y = 0. Since ¢19 # 0, the line

y =0 is not tangent. Therefore,
b=ord,.(m*y) =1 and so d=a-ig=a-1=a+1-1=a+b-1.

Similarly, if j; = 1, then x = 0 is not tangent to C' at (0,0), hence a = ord,(7*x) = 1 and
d=a+b-1. O

Given an open cover {U;} of C' in S, it is checked immediately that the sections h; in
Os(U;) glue to a section in Ox(C), which we again call h. Let A be the divisor of zeros of
h (since h was shown to be holomorphic, A is an effective divisor).

We now introduce some notation and language for working with A. Let SingC' denote
the set of singular points of C', let p € Sing C' be a singular point, suppose that C' is given by
the local equation f =0 in a neighbourhood of p, and let 7: C' - C' denote the normalization
of C.

We set 771(p) =2 {r1,..., 1%}, and, for each i =1,... k, we set

v; = —ord,, (d—x) =-ord, 7" (L) 3
©\Of[oy(z,y) ©\Of[0x(x,y)

The adjoint divisor A, of p is then defined as

k
A=y

i=1

30ne of 0f/0x or Of /0y could vanish along C; however (in characteristic 0), the restriction of at least
one of the two to C will be generically nonzero. Alternatively, both partial derivatives will be generically
nonzero after a general linear change of coordinates.
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and equality (3.6) shows that

A= 3 A,

peSing C

Following tradition, we call the divisor A the adjoint divisor of the normalization mor-
phism 7: C' > C' — indeed, this is the name under which the divisor A appears in the
classical literature on algebraic curves. One of the main reasons A is studied classically is
the result of Theorem 3.3 below — A allows us to study the complete linear series |we| on
C by instead considering the complete canonical linear series of C' twisted by the adjoint
divisor |Ks(A)| on the normalization C' of C. Theorem 3.3 will also be useful below for
identifying the pullback of Pgl(L) to the normalization of C'. For more information about

A, we kindly refer the reader to [ACGH84, App. Al.
Theorem 3.3. m*we = K5(A).
Proof. This follows from the construction of A. m

Next, we compute A in two families of examples.

Example 3.4. (i) Let m,n be coprime positive integers, and let C,,,, c P? be the curve with

the equation Y Z" — XnZm = ().

The case m = 2,n = 3 is a cuspidal cubic; more generally the curve in the case m =2 and

n arbitrary has an n-th order cusp.

The curve C,,,, has a single singularity of multiplicity min(m,n) at p =[0:0:1]. In
the affine chart Z # 0, C is given by the local equation y™ — 2™ = 0. The normalization
e C’mm — Oy, has a single branch and locally analytically around the singularity may be

given by the map t — (™, t"). Let r = 71(p).
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Y

m=2, n=3 m=2 n=>5 m=3, n=4

Figure 3.1: The (real points of) three of the curves C, , in the chart Z # 0 of P2. The values
of m and n given below each figure indicate which curve C,, , is plotted.

We have

7T*( dz )_ d(t™)  mtmtdt dt
af 9y

- p(tn)m—l - m tn(m-1) - t(m-1)(n-1)’
so that the adjoint divisor is A = (m —1)(n—-1)r, with degA = (m-1)(n-1).
In the special case of the cuspidal cubic, A = 2r; more generally, for an n-th order cusp

(the case m =2, n arbitrary), A= (n—-1)r.

(ii) (Ordinary n-tuple point) Let as,...,an,b1,...,b, be constants such that a;b; # a;b; for
all i # j, and let C,, be the curve with equation (a1 X + b1Y ) (a2 X + Y )-(a; X +b,Y) =0
(the condition on the coefficients is satisfied exactly when the lines a; X +b;Y = 0 are pairwise

distinct). The case n =2 is a node.

\/
/I

Figure 3.2: The (real points of) four of the curves C,, in the chart Z # 0 in P2. The values
of n given below each figure indicate which curve C), is plotted.

The curve C,, has a single singularity of multiplicity n at the point p=[0:0:1]. Passing
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to the affine chart Z # 0, the equation of C, is

f(xa y) = pn(aa b)xn + pn—l(a7 b)xnily +o-+ po(CL, b)yna

where p,(a,b) is a homogeneous polynomial in ay,...,a,,by,...,b, of degree n. Then
af/ay = pnfl(aﬂ b)xn_l + 2pn72(a7 b)xn_Qy +oeet npo(a, b)yn_l'

The normalization 7: C, - C,, has n branches, which locally analytically can be given the

form m;: t — (bit, —a;t), i=1,...,n. Set r; :=7;'(p). We have
m; (0f/0y) = P(a,b)t""

where P(a,b) is a polynomial in ay,...,b, (P(a,b) # 0 for a general choice of a;s and b;s),
so that W;‘(%fay) =a; dt/(P(a,b)t"1); the latter has a pole of order n—1 at r;.

We conclude that A= (n—-1)(r; +--+71,), and degA =n(n-1).

In particular, for a node (n=2), A =r; +rs.

Finally, we identify the bundle obtained by pulling back Pgl(L) to the normalization of
C. Let -A: Kz - K&(A) denote the morphism that is given by multiplying the sections of

K by the local equation of A.

Theorem 3.5. For any line bundle L on C, and any integer m >0,
TPy (L) 2 PA(7"L).

Proof. By the construction of A and Theorem 3.3, the diagram

K¢ —A) T we = KC,(A)

(3.7) o

W*QC
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commutes.

The claimed isomorphism now follows by functoriality (Theorem 2.24). O]

Computing the ¢-Weierstrass weight on C. Continuing with the notation of the pre-
vious section, let V' c H°(C, L) be a linear series of dimension n+1 on a curve C' c S. From
now on, we suppose that none of the sections of V' vanish along an irreducible component of
C. Let w: C' — C be the normalization.

The pullback morphism 7*L — 7*Py*(L) = Px(7*L) is an order m differential operator,
so by the universal property of the m-th principal parts bundle on C', we have a commuting

triangle of sheaves of abelian groups

L — P™(n*L)
1

A(m*L)
which gives rise to the commuting triangle of Os-modules

™V ®&c O — P™(n*L)

~. |

PR(m*L)

where 7V = {7*f: fe V}c HY(C, n*L).

Taking top exterior powers, we obtain a commuting triangle of line bundles

ATV @c Os — AP (7 L)

(3.8) T~ l

/\m+1 Pyg (7‘(‘* L)

Lemma 3.6. Let C' be a smooth curve, q be a point of C, L a line bundle on C, d >0 and
m > 1 be integers, D = dq be a divisor on C, and ®,, p be the map ®,, p: P™(L) - P71 (L)

(here PT(L) is the principal parts bundle corresponding to the derivation Q¢ A Qc(D)).
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Then

d m+1 ’ = q,
ord, (det ®,, p) = (") p=a

0, otherwise.

Proof. By [Har77], Ex. I1.V.16(d), for any short exact sequence
0> F —F > F" >0

of locally free sheaves, of ranks n/, n and n”, respectively, there is an isomorphism of exterior

powers
(3.9) ANFN\NF o \NF".

Moreover, the isomorphism (3.9) is functorial in the sense that a morphism of short exact

sequences of locally free sheaves

0 =>F = F = F" =0
lo ls 1o

0 —>§¢ —§¢Gg—G¢ —0

where G’,G and G” have ranks n/, n and n”, respectively, yields a commuting diagram

/\n]: = s /\n’ F'® /\n" Fr

\LA’ILQS \LA”,¢,®A”,/¢//

NG ——= NG oN"G"
Therefore, the diagram

0 —— Q" —— Pm — Pl — 0
\L \chm,D \L‘I)m—l,D
0 — Qe(D)®"™ — P2 — Pl — 0

Qg (mD)
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yields the diagram
/\m+1 me = ; /\m Pm—l ® Q%m
l/\erl(I)m,D l/\"L(I’m,LD@(-mD)
/\m+1 P% = s /\m P_%_l ® Q@m(mD)

Recursing, we obtain
NP —— = 00 Qe @0 ® - @ Q5"

\Ldet @, D lid ®(-D)®(-2D)®--®(-mD)
AP = Oc ® Qo(D) ® Q2(2D) ® -+ ® Q2™ (mD)

We see that det @, p has order of vanishing d (1+2+--+m) = d (™) at p, and does not

vanish outside of p. O
We will also need the following simple consequence of the push-pull formula.

Lemma 3.7. Let m: C —» C be the normalization of C, L be a line bundle on C of degree d,
s be an section in H°(C, L), p be a point of C, and 7= (p) = {r1,...,rm} be the fibre of ®
over p. Then

ord,(s) = ord,, (7*s) +--- +ord,,, (7*s).

Proof. Let [s] be the divisor corresponding to the section s. By the push-pull formula

([Ful98, Proposition 2.3(c)]), we have

(7" [s]nC) = [s] nm.C.
Since 7 is a degree one map, 7,C = C, and so

(> ord,(m*s)r) = Y ord,(s) x.

reC zeC

Comparing the coefficient of the point class p on both sides of the equality, we obtain the

claim. 0
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For any point 7 € C, let @(r) denote the weight of the linear series 7V = {7*f: f eV} c

HO(C, 7*L) at r. We then have the following formula.

Theorem 3.8. For each point p of C,

(3.10) wy(p) = (deg A,) (”; 1) . _Zl( )ﬁ;(r).

Proof. By definition, wy(p) = ord,det(V ®c Oc — Py(L)). By Lemma 3.7, the fact that
mPy(L) 2 PA(7*L) (Theorem 3.5), and functoriality (Theorem 2.24), the latter is equal to

the sum

Y, ord, 7 det(VecOc - Py(L))= >, ord.det(n*V @c Op - PA(7*L)).

ren—1(p) ren~1(p)

We recall that A, = ¥,c-1(,) 77 Now, for 7 € 77(p), by commutativity of diagram (3.8)

and Lemma 3.6,

ord, det(m*V ®c Op - PA(7*L)) = ord, det(7*V ®c Op - P"(7* L))
+ord, det(P"(n*L) - Ph(7*L))

=w(r) +7, (n; 1).

Taking the sum of the above terms over all r € 771(p), we obtain the statement of the

theorem. ]

3.7 EXAMPLES

(i) (Cubic cusp) Let C' c P? be the curve cut out by the equation Y27 - X3 = 0. As is

well-known, C' has a single singularity of multiplicity two at the point p=[0:0:1].

We pass to the affine chart U = {[X : Y : Z] e P3: Z # 0} with coordinates x = X/Z, y =

Y /Z (in which C is cut out by the equation y? —x3 = 0, and the cusp has coordinates (0,0)).
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Figure 3.3: The (real points of the) cubic cusp Y2Z = X3 in the chart Z # 0 of P2

Let L =i*Op2(1) = Oc(3) and V = HO(C, L); h°(C, L) = 3. We apply formula (3.10) to
compute w(p) at the cusp.

Let m: C' - C denote the normalization map. There are local analytic neighbourhoods
peV and 771(p) c V (the latter with coordinate ¢) in which 7 has the form ¢ — (2, t3) c U.
The cusp p has a single preimage (with coordinate ¢ = 0), which we denote by 7. The linear
series TV is spanned by

Trr=t3, mwy=t, wl=1,

and

ord,(t*) =2, ord,(t*) =3, ord,(1)=0,

so that the vanishing and ramification sequences of 7*V" at r are

a(m*V, 1) ={0, 2, 3},

a(m*V,r)={0,1,1},

respectively, and w(r) = 2. As computed in example 3.4(i), the adjoint divisor of the nor-

malization is 2r, so has degree 2, and we conclude that

w(p):degA-(§)+ Y w(r)=2-3+2=8.

ren—1(p)
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Applying Proposition 3.1 to the family of elliptic curves degenerating to a cuspidal cubic,

the above computation recovers the count of 8 flex points absorbed into the cusp point.

(ii) (Cubic node) Suppose that C' is given by the equation Y27 — X3 - X27 =0 in P2. Tt is
again likely known to the reader that C' has an ordinary double point at p=[0:0: 1] and

no other singularities.

Figure 3.4: The (real points of the) cubic cusp Y27 = X3 + X2Z in the chart Z # 0 of P2.

In the affine chart U = {Z + 0} c P2, C' is cut out by the equation y? = 23 + 22, and the
node has coordinates (0,0).

Let L =1*Op2(1) = Oc(3) and V = H°(C, L). We again apply formula 3.10 to compute
the Weierstrass weight of V' at p.

Let 7: C - C denote the normalization map. We can choose local analytic coordinates

in which 7 has the form ¢ — (¢ — 1,¢(t> = 1)) € U. The preimage of p consists of two points

with coordinates ¢t = —1 and ¢ = 1, which we call r_ and r,, respectively.

We have
mr=t2-1=(t-1)(t+1), my=t(t*-1)=(t-Dt(t+1), 71=1.
For the purpose of computing the vanishing and ramification sequences, a better-suited basis

of ™V is

™ (y+x)=(t-1)(t+1)% 7 (y-x)=0E-1)*(t+1), 71=1
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(the first two sections are of course equations of the two tangent lines). The orders of

vanishing of the latter at r_ and r, are

ord_(m*(y+x))=1|ord,(m*(y+z)) =2
ord_(m*(y-x))=2|ord (7m*(y-x)) =1
ord_1=0 ord,1=0

respectively.

The vanishing and ramification sequences are

a(mV,r_)={0,1,2} | a(7*V,r;) ={0,1,2}
a(m*V,r_)={0,0,0} | a(7*V,r,) ={0,0,0}

and so w(r-) = w(ry) = 0.
In Example 3.4(ii), we computed that A = r_+r,, so degA = 2. It follows by formula
(3.10) that
w(p) :2-(§)+0:6.

Applying Proposition 3.1 to a family of elliptic curves degenerating to a nodal cubic, the

above computation recovers the count of 6 flex points absorbed into the nodal point.

(iii) (n-th order node) Let C,, c P? be the curve with equation Y2222 — X7 = () (locally
analytically, the case n = 1 is the same as the nodal cubic of the previous example) and take
L =i*Op2(1) and V = H°(C,,, L). We pass to the chart Z # 0, where the local equation is

y?2—x? =0.
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n:l n:2 n:?)

Figure 3.5: The (real points of) three of the curves C,, in the chart Z # 0 of P2. The values
n given below each figure indicate which curve C), is plotted.

The normalization of C,, has two branches, one of which is given locally analytically by
m:t — (t,t") and the other by mo:t — (¢, —t"). Let r1 = 77! (p) and ry = 751 (p). We find

that 0f /0y = 2y, so that

S dx | db ot de '\ di
"\ ofjay) " 2 2\afjoy )~ 2t
and so

A =n(ry +1m).

In the case n = 1, both of the components of the nodal curve are contained in |Op2(1)|, so

formula (3.10) does not apply. So suppose that n > 2. We have

mr=t | mr=1
(1,(7TfV7 7“1) = {Oa 1,”} a(ﬂg‘/vfr’?) = {07 1,71}
Wi*y =tn ﬁ;y = —tn so that
a(miV,ry) ={0,0,n -2} | a(m3V,re) ={0,0,n -2}

ml=1 |m31=1

and so w(ry) = w(ry) =n—2. Applying formula (3.10), we see that

w(p) = deg A (g) +2(n-2)=8n-4.

(iv) Let p,q be coprime positive integers and let C), , be the curve with the equation Y427 -



120

XPZ%=01inP? (the case p = 2, g = 3 is the cuspidal cubic), and once again choose L = i*Op2(1)
and V = H(C,,, L). We pass to the affine chart Z # 0, in which the curve has the equation
y? — 29 = 0. The normalization has a single branch, and locally analytically can be given the
form t = (2, t7). Set r = 7-1(p) (p is the singular point of C,, and 7: C,, - C,, is the

normalization map). We have
=t wry=t!, 7w'l=1,
which have orders of vanishing
ord,(7*z) =p, ord.(7*y)=¢q, ord.1=0.
The vanishing and ramification sequences are then

a(m*V,r) = {0, min(p, ¢), max(p, q) }

a(ﬂ-*‘/ar) = {07 min(p7 q) - 1a max(p,q) - 2}a
so that w(r) =p+q -3, and

w(p)=(p—1)(q—1)(;)+p+q—3=3(p—1)(q—1)+p+q—3:3pq—2p—2q-

To give an example with a different line bundle, suppose that V' = H(C, 4, i*Op2(2))
(say). We have

et =t w(wy) =t mryP =t me=th, my=td, 7l=1L

Suppose that p < ¢ (there is no loss of generality, as this can be achieved by a change of
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coordinates). Then the vanishing and ramification sequences are

a(mV',r)={0,p, q, 2p, p+q, 2q}

a(m V' r)={0,p-1,¢-2,2p-3,p+q—-4,2¢-5}

Then w(r) =4p +4q - 15 and

w(p) =3pg+p+q-12.
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Chapter 4

Applications, part II: Counting lines in a linear system

in a Grassmannian

One of the most beautiful facts of classical algebraic geometry is that every smooth cubic
surface in P? contains exactly 27 lines. In this chapter, as an application of ¢-principal-
part-bundles, we describe a method for computing the number of lines in a linear system in
a variety X c PV (in the case when the number of lines is finite, conditional on a certain
degeneracy locus having the expected dimension). Applying this method, we find explicit
expressions for numbers of lines that appear in a linear system (of degree and dimension
such that the expected number of lines is finite) in G(k,n) (including the special cases k =0
and k =n —1 when the Grassmannian is isomorphic to a projective space); the count of 27

lines in a smooth cubic is recovered as a special case.

We now summarize the contents of this chapter.

In §4.1, we set down preliminary facts on Fano varieties of k-planes, Grassmannians,
projective bundles, and the hooklength formula. Facts from these sections will be used
throughout the chapter, sometimes without explicit mention of them. This section also
serves to set down our notation.

In §4.2, we describe our ¢-principal-parts-bundle method for computing the number of

lines that appear in a linear system in a variety X c PV. We kindly refer the reader to
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Chapter 1 for a sketch of this method. The method translates the computation of the
number of lines that appear in a linear system |V| c |L| of degree d and projective dimension
d—dim(F;(X))+1 (where F;(X) denotes the Fano variety of lines in X) to the computation

of the Chern class

TX,» Cdim F}(X) (Pg(W;(L))‘

This result is stated as Theorem 4.3, and concludes §4.2.
In §4.3, we apply the method to compute the number of lines in a linear system of degree

d and projective dimension d — 2n + 3 in projective space. The result is

2n—-2 B
Y (-1)Fo(d+1, d+1—k)( d+1-Fk )(k+1)d2n2k.
ka1 am-2-k)\ n

Together with several hypotheses that are necessary for our treatment, the result is stated
as Theorem 4.4. Several examples are computed following the statement of Theorem 4.4,
including the count of 27 lines in a cubic surface in P3 and of 320 lines in a pencil of K3
surfaces in P3.

In §4.4, we apply the method to compute the number of lines in a linear system in G(k,n)
(in its Pliicker embedding). We treat the cases 1 < k < n -2 in this section, excluding the
cases k =1 and k = n — 1; the latter two cases require a slight modification of the methods
used in §4.4 (and covered by the previous section, as in these cases the two Grassmannians
are isomorphic to projective spaces).

The computation in the case of a Grassmannian requires some preliminary work.

In §4.4.1, we compute the number of lines in a quartic surface in G(1,3) by a different
method, as a test case for the general computation.

In §4.4.2, we describe the Picard group of a flag variety of type Fl(k,k+1,... k+m;n).
The motivation for this is that the universal family U;(G(k,n)) over the Fano variety
F1(G(k,n)) of lines in G(k,n) can be identified with the flag variety Fl(k - 1,k k + 1;n),

and facts about the Picard group of U;(G(k,n)) will be useful for the computation of the
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number of lines.

The identifications Uy (G(k,n)) =Fl(k-1,k, k+1;n) and F1(G(k,n)) =Fl(k-1,k+1;n)
are made in §4.4.3. We also compute the dimension of F;(G(k,n)) and establish that it is
irreducible.

In §4.4.4, we find the class of Q.. in Pic(Fli(k - 1,k,k + 1;n)), which is an important

ingredient in the computation of

TX,+ Cdim Fy (X) (732(7)*([/))-

We also begin the computation of the above pushforward, translating it into a problem in
Schubert calculus, at the end of this section.
Finally, in §4.4.5, we solve the resulting Schubert calculus problem, obtaining the follow-

ing formula for the number of lines: setting

1
("k ) i=n-1,

Biiz
M i+ 1\ (i+1-a)! 1
’ -1
Z( a )(i—n—a)! (n-k-1-a)l(n+k-i+a)’ T

a=m;

where

m; = max(i—n -k, 0),

M; =min(i-n,n-k-1),

the number of lines that appear in a general linear system of degree d and projective dimen-

siond-(k+1)(n-k)-n+3is

m—= an (-1) " lo(d+1, d+1- i)(d; b Z) g~ Db

where o(n, k) denote Stirling numbers of the first kind. The necessary hypotheses for this
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statement are set down as Theorem 4.12.
As an example, we compute that a degree 4 hypersurface in G(1,3) (that satisfies the

hypotheses of Theorem 4.12) contains 1280 lines, verifying the count of §4.4.1.

4.1 PRELIMINARIES

Fano variety of k-planes. Let X c PV be a scheme with a fixed embedding into PV. The
Fano variety of (projective) k-planes contained in X will be denoted by Fj(X). The variety

Fi.(X) may be defined (cf. [Huy, Ch. 3.1]) as the space representing the functor
(Sch/k)°P — (Sets)

that maps a scheme B of finite type over k to the set of closed subschemes Y ¢ X x B such
that |, is flat, where m9: X x B - B is the projection onto the second factor of X x B, and
such that every fibre Y}, b€ B, is a projective k-plane contained in X.

We denote by U (X) the universal family over Fj(X). (A proof that Fi(X) and Uy (X)
exist may be found in, for instance, [AK77, Proposition 3.1(i)].)

Thus, if B is any scheme of finite type over k, and Y ¢ X x B is a closed subscheme such
that myly is flat, and such that every fibre Y,, b€ B, is a projective k-plane contained in X,

then there is a unique map B — Fj(X) such that Y is equal to the fibre product

. i

B —2—— F(X)

We follow traditional terminology in calling Fj(X) a variety, but note that Fj(X) may in

fact not be reduced.

Grassmannians. A (projective) Grassmannian G(k,n) is a Fano variety of k-planes in

the particular case when X = P" embedded into itself by the identity map. We rapidly
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review the basic facts and notation around Grassmannians.

Let V be a finite-dimensional vector space over k. As usual, denote the Grassmannian
of affine k-planes in V' by G(k,V) and the Grassmannian of projective k-planes in PV by
G(k,PV). (We have G(k,V) = G(k-1,PV).) When V = k", we write G(k,n) for G(k,V)
and G(k-1,n-1) for G(k-1,PV).

We have identifications G(1,V) 2 PV and G(dim V' -1,V) 2 PV, where V¥ = Homy (V, k)
denotes the dual space of V. For other values of k, the Grassmannian G(k,n) is not isomor-
phic to a projective space.

More generally, given a point of G(k,V’) corresponding to an affine k-plane A c V| the
short exact sequence 0 — A - V — coker(i) = 0 (where i is the inclusion map) dualizes
to the short exact sequence 0 — ker(j) — V'V ENN 0, where j =4V. The kernel ker(y)
is a (dim V' - k)-plane in V'V, hence corresponds to a point of G(dimV -k, VV) (it is equal
to the annihilator At c V'V, that is, the subspace of equations vanishing on A). Similarly,
given a (dimV - k)-plane A’ in V'V, we obtain a k-plane in V' by taking the dual of the
cokernel of the inclusion A’ — V'V (the resulting k-plane may be thought of as the vanishing
set of A’). We obtain a canonical identification G(k,V) 2 G(dimV -k, V") (and hence also
G(k-1,PV)z2G(dimV -k -1,PVV).

The variety G(k,n) is projective, smooth, irreducible, and has Picard rank 1 and dimen-
sion (k+1)(n-k). The ample generator of the Picard group of G(k,n) is denoted by Og(1);
Og(1) is in fact very ample, and the embedding associated to the complete linear system
|Og(1)] is called the Pliicker embedding, denoted by Pl ,,. The Pliicker embedding may also
be described as the map Ply,,: G(k+1,n+1) - P(A*V) that maps a given k + 1-plane A
corresponding to a point [A] of G(k + 1,n+1) to [wy A - Awge1] € P(A*V), for a choice
{wi,...,wis1} of a basis of A (this is well-defined since for another choice {w},... , wj,,} of
basis of A we have wiA---Aw;,, = (det @) wy A+ Awy.1, where ¢ € Aut A is the change-of-basis
map). Thus, Pl, embeds G(k,n) into P,

Over G(k,n), there is a tautological rank k vector bundle S, together with an injective
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morphism S - Of, , into a trivial bundle of rank n. Over the point [A] € G(k,n), the
morphism S} — (Og(k n))[/\] corresponds to the inclusion of A into k. The tautological
rank n — k£ bundle @ is then defined to be the cokernel of the inclusion S — 08( kn) SO that

we have an exact sequence

0 =5 —=O0%4, = @—0

as well as its dual sequence

0— Qv — O?;(k,n) — SV — 0.

By the Whitney formula, ¢(S)c(Q) = C(Og(kvn)) =1, 50 ¢(5) = s(Q) and ¢(Q) = s(S) (and
similar identities are easily derived for SV, Q).

Let A be a Young diagram fitting inside a box with k + 1 rows and (n — k) columns
(equivalently, an integer partition A = (Ag,...,A\x) with 0 < Ay < Aoy <+ < Ao < (n—k)).

Define a class oy in the Chow ring A*(G(k,n)) by the formula

(4.1) oy = det (CAM‘—Z'(Q))Osi,jsk )

the degree of oy is the number |A| of boxes in A (equivalently, is the sum || = Ao + -+ + Ag).
Let A\ be a Young diagram fitting inside a (k+ 1) x (n— k) box, and let a; =n—-k—\; +1

for each i =0, ..., k. For a complete flag (F})o<icn of linear subspaces of P7, the set
Ya:={[A]eG(k,n): dim(ANnF,,) =i} c G(k,n)

is a locally closed subvariety such that [Z_A] = 0, (and does not depend on the particular

choice of (F;), up to rational equivalence).
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Let a denote the Young diagram with a single row of a boxes (equivalently, the par-
tition (a,0,...,0)), and let 1° denote the Young diagram with a single column of b boxes

(equivalently, the partition (1,...,1,0,...,0), with b 1’'s). We have
0q = a(Q) and o =cp(SY) = (1) (S),

where the first equality follows directly from the definition (4.1), and the second equality
follows from the first by duality considerations (both equalities can also be interpreted in
terms of the subvarieties Xy).

The ring A*(G(k,n)) is generated as an abelian group by oy, where A runs over all Young
diagrams fitting inside a (k+1) x (n—k) box. The product of two classes o, 0, is then given
by

— 4
OX"Op = Z Exulvs
lv|=|X[+|ul

and ¢y, are in fact nonnegative integers known as the Littlewood—Richardson coefficients.
There exist several algorithms for computing Littlewood—Richardson coefficients (one is

[Ful98, Lemma 14.5.3]), but we will require only the following special cases:

e Pieri’s formulas. The result of multiplying a class o by o, is a sum (with all coefficients
equal to 1) over all classes corresponding to diagrams obtained by adding exactly a
boxes to A, with at most one box per column. Similarly, the result of multiplying a
class oy by o is a sum (with all coefficients equal to 1) over all classes corresponding

to diagrams obtained by adding exactly b boxes to A, with at most one box per row.

More precisely,

Theorem (Pieri’s formulas, [EH16|, Proposition 4.9 and Theorem 4.14). We have

"0y = Y o and OOy = > Oy
lul=I\+a |pl=|Al+b
AiSpi<Ai_1 Vi AiSpi<A+1 Vi
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o Classes of complementary dimension, [EH16, Proposition 4.6].1f 05,0, are classes in

A*(G(k,n)) with [A|+|u| = (k+1)(n-k), then

[pt.], A is complementary to u,
o)\ 0y =

0, otherwise,

where A = (A, ..., A\x) is said to be complementary to p = (o, - .., pg) if i+ pp—; =n—-k
for each i =0,... k.

Much more information about G(k,n) can be found in, among many other sources, [EH16,

Ch. 3-4] and [Ful98, Ch. 14].

Projective bundles. Let X be a scheme, E be a vector bundle of rank r + 1 over X, and
& be a sheaf of sections associated with E. Throughout this chapter, we denote the bundle

of 1-dimensional subspaces

7: Paup(E) = Proj(Symé&Y) - X

in the fibres of £ simply by P(E) (or PE).
Over PE, there is a tautological line bundle Opg(-1), equipped with an injective mor-
phism to the vector bundle 7*E. In the fibre over (z,[¢]), where x € X and / is a line in the

fibre E, of E over x, this morphism is the inclusion

Ope(=1) @) = (7" E) (2 10)) t— E,.

112

The dual bundle of Opg(-1) is denoted by Opg(1).
The Picard group of PE is 7* Pic(X) @ Z - ¢1(Opg(1)).
For much more, we refer to [EH16, Ch. 9] and [Ful98, App. BJ.
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Hooklength formula. Define a partial order on Young diagrams by setting A\ < pu if
and only if A\ is contained in p (the corresponding partial order on integer partitions is:
A=(NoyA1-..y) <= (po, pia, - .. ) if and only if \; < p; for each i > 0).

The set of all Young diagrams equipped with the above partial order is a lattice, called
the Young lattice. In the Hasse (directed) graph corresponding to the Young lattice, there is
a directed edge from A to p if and only A is obtained by adding a single box to p (in general,
the Hasse graph of a lattice contains a directed edge x — y whenever x < y and there is no
z such that z < z < ). A maximal chain from A to g in the Young lattice corresponds to
the pair ({e1,...,ex},{v1,...,vks1}), where the ¢; are directed edges and the v; are vertices
in the Hasse graph, such that e; is an edge from v; to v;,1, v =\, and v = p. From now
on, we do not distinguish between maximal chains between pairs of elements in the Young
lattice and the corresponding directed paths in the Hasse graph.

A (standard) Young tableau of shape A is a filling of A with elements of A = {1,... ||}
with no repetition such that the numbers are increasing along each row and along each
column (the set A may be replaced by any other totally ordered set with || elements). For a
fixed Young diagram A, there is a bijection between Young tableaux of shape A\ and directed
paths from [J to A in the Young lattice; roughly speaking, the integer placed inside box b of
the tableau records the order in which box b was adjoined to the diagram along the path
from (J to A. For example, below, the tableau on the left corresponds to the path in the

Young lattice on the right:

3[4]6] EEN | 11 T T T
o O->g->E-Ho- - - 00~ g4 -

BEEEE
[

In the above language, as a consequence of Pieri’s formulas, we have

01:-0) = Z oy
3 edge A—p
in the Young lattice
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and consequently, by induction on k,

ooy = Z o, for any k£ > 1.

3 (directed) path A—p of
length k in the Young lattice

In particular, for any k£ > 1, we have the formula

U]f = Z fuo-,uy

|ul=k

where for a Young diagram A, f denotes the number of (standard) Young tableaux of shape
A (equivalently, the number of directed paths from [Jto A in the Young lattice).

There is a well-known expression for fy, which we now describe.

Let X be a Young diagram (drawn according to the so-called English convention, with the
number of boxes weakly decreasing along rows from the top to the bottom of the diagram),
and let b be a box in A\. The hook of b in A is the collection of boxes in A that are either:
in the same row and to the right of b, or in the same column and below b (together with b
itself). The hooklength h;, of b in A is the number of boxes contained in the hook of b.

For example, in the filling of A below (on the right), the number in box b is equal to the
hooklength of b in A:

1019|7165
91816(5(4|1
6 71614132
6151321
2|1
. Al
Theorem (Hooklength formula). For any Young diagram A, we have f = AN

The hooklength formula is due originally to Frame, Robinson, and Thrall (whose proof
was based on earlier independent works of Young, and Frobenius). There exist several proofs

of the hooklength formula; the paper [GNWT79] contains one of the nicest ones (by means of
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a random process defined on the Young diagram), as well as references to earlier work.

4.2 A @-PRINCIPAL-PARTS-BUNDLE METHOD FOR COUNTING LINES IN A LINEAR

SYSTEM

Let X c PN be a scheme with a fixed embedding into PV .
For the method described in this section, we will suppose that X satisfies the following

two hypotheses:

(i) X is covered by lines, in the sense that for each point x € X there is a projective line
¢ withxelcX.

(ii) The Fano variety F}(X) of lines in X is irreducible. (Alternatively, it is also enough
to assume that F3(X) is smooth, since then the method can proceed connected component

by connected component.)

Degree of a line bundle with respect to a curve class. For a nonsingular curve
C c X, set degy L :=deg(L|,). Let [¢] be a point of F}(X), so that £ c X is a (projective)

line contained in X. We obtain a continuous map

F(X)>7Z

As Fi(X) is connected (in fact irreducible by hypothesis), this map is constant. At times

below, we call the integer deg, L simply the degree of L.

4.2.1 DEFINITION OF THE SET OF LINES THAT APPEAR IN A LINEAR SYSTEM

Let L be a line bundle on X, and let H := |L| = P(H°(X, L)) be the (projective) complete
linear system associated to L. Let H be the universal family over H, and let 7: H — H be

the projection map. Consider now an arbitrary linear system |V|=P(V') ¢ H corresponding
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to a linear subspace V ¢ HY( X, L). Let i: |V| > H be the inclusion, and set V to be the fibre

product
V=|VixgH —H

w| ln

V| ——— H
Then the set

{leA(Y): Y =a'(y), yeVI} = U Fi(m' (v)

yelV]
will be called the set of lines that appear in the linear system |V|.
In the present chapter, we are especially interested in situations when this set is finite,

and in such a situation the goal is to count the number of points contained in this set.

4.2.2 DESCRIPTION OF THE METHOD
Denote by m.: U;(X) - F1(X) the projection from the universal family of lines in X to the

Fano variety of lines in X, and by 7y : U;(X) - X the projection to X:

U (X) m Fi(X)
(4.2) |7

X

Clearly, U;(X) is a P!-bundle over F;(X), and the projection 7, is the corresponding pro-

jection.

The derivation ¢. For the map mp of (4.2), we have the usual exact sequence for the

relative cotangent sheaf over U; (X):
W;(QFl(X)) — Qul(X) — Qﬂ-F — 0.

The map 7, has one-dimensional fibres, and the sheaf (2 is in fact a line bundle. We take

the derivation ¢ to be the map {4y, (x) = Q.
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Dimension count. Let d denote the degree of the restriction of L to a line contained in
X. Set M :=h%(X, L), so that |L| = PM,

Let
D= {([(],[H]): He|L|, tcH} c F(X)x|L] = F(X)xPY

(this is a projective algebraic variety). Let m; and 3 be the projection maps from Fj (X )xPM

to F1(X) and PM | respectively. We have the incidence correspondence

T
N

P (X) pM

(where 7;, j = 1,2, denote the restrictions of the two projections to I'). (Note that we have
™ ([H]) = Fi(H).)
Consider the fibre 771([¢]). By restricting the equation of a hypersurface to ¢ (which

gives a polynomial of degree d on ¢ = P'), we obtain a restriction homomorphism
Jus HOCX, L) > HO(L, L],) = HO(P', O (d)).
Suppose that the following conditions are true:

(*) The projection 7, is dominant.

(**) For each [/¢] € F1(X), the map j, is surjective.

Because I' is proper, (*) implies that 7 is surjective. Instead of (*), it is also enough to
suppose that the image of 7y is irreducible, or that the image of 7y is smooth.

By (**), we have the short exact sequence 0 — kerj, — kM1 Tt pd 0, and
7 ([€]) 2 P(ker j,) 2 PM=d=1_ By (*), we conclude that 7 is a map to an irreducible variety

with irreducible fibres, and so I is also irreducible of dimension dim(F;(X))+ M —d - 1.
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Suppose in addition that the following condition holds:
(F%) The projection my is generically finite-to-one onto its image.

Then (***) dim(me(T")) = dimT', so that dim(F;(X)) -1 < d. The codimension of my(T")
in PM is d - dim(F; (X)) + 1, and therefore a general linear system |V| c PM of dimension

d-dim(F1(X)) + 1 intersects mo(I") in finitely many points.

Proposition 4.1. Suppose that conditions (*), (**), (***) hold. For any d > dim(F;(X))-1,
finitely many lines appear in a general linear system of degree d and projective dimension

d - dim(Fy (X)) + 1.

Translation to a Chern class computation. Recall that 7 : U;(X) - X denotes the
projection. Fix an integer d > dim(F3(X)) — 1, and let |V| c |L| be a linear system of
projective dimension d — dim(F;(X)) + 1. The pullback 7%V c HO(U;(X), 75 L) will be
denoted V' once again, which is justified by the fact that 7% : HO(X, L) - HO(U;(X), 7% L)
is an injective map (the latter is the case because by hypothesis X is covered by lines).

We have the following morphism of locally free sheaves on U; (X).
(43) V ®u Oul(x) — Pg(ﬂ';([/)

Let £ be a line in X, and let {(z,[¢]): z € {} =7 ([¢]) be the corresponding line in U; (X),
which we again denote by ¢. Under the isomorphism ¢ = P*, the restriction QTFF| , 18 identified

with Qp1. By functoriality of P} (Theorem 2.24), we then have
(PS(rxL))|, = P! (Llz) = P(O(d)),

where P?( L|p:) denotes the usual (full) principal parts bundle on P!, and moreover the
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diagram

Ver Ouyxy — 'Pg(ﬂ;([/)
(44) \Lrestr. \l}estr. isom.
Vipr ® Op1 225 V @) Op1 — PHO(d))

commutes, where V|, denotes the linear subspace of H(P*, O(d)) spanned by { s|p, : s € V}.
Lemma 4.2. The following are equivalent:

(a) The line ¢ appears in the linear system |V|.

(b) For every point x € £, the morphism (V i Oy, (x)) (x,[e]) = (’Pg(ﬂg}L))(x,[g]) of fibres
over (x,[(]) does not have full rank.

(¢) There is a point x € { such that the morphism (V ®; Oy, (x)) 1) = (P(T% L)) (. e))

of fibres over (x,[]) does not have full rank.

Proof. By the commutativity of (4.4), and the fact that the right vertical map is an isomor-
phism, the morphism (V' ®;, Oy, (x)) (1)) = (P75 L)) (x,e7) does not have full rank if and

only if the morphism (V ®; Op1), - P4(O(d)), does not have full rank.

(a) = (b): By definition, ¢ appears in [V| only if there is a divisor H in |V| that contains
¢. Choosing an equation h € V' of H, every element of span,(h) c V vanishes on ¢, and
so every element of span(h) restricts to the zero section on £. We conclude that for every
x € £, the subspace (span(h) ®; Op1), c (V ®; Op1), is contained in the kernel of the map
(V ®; Op1), > PYO(d)),, which cannot then have full rank.

(b) = (c): Immediate.

(¢) = (a): Suppose 0 # h € V is sent to zero by the morphism (V ®; Op1), - P4(O(d)).,.
In an affine chart x € Speck[t] @ U c ¢, h is a degree d polynomial in ¢; the image in
PHO(d)), = k¥ is (h(x), W (x),...,h(D(z)) = 0. Since h)(z) =0 for i = 0,...,d, h is

identically zero on U, hence is identically zero on P' = / by continuity. O
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The locus of lines in U;(X) that appear in the linear system |V is thus identified with
the locus of points of U (X)) where the morphism (4.3) does not have full rank. To find the

class of the latter in A*(U1(X)), we apply the Thom—Porteous formula:

Theorem ([Ful98, Theorem 14.4]). Let o: E' - F be a morphism of vector bundles of ranks e
and [ on a Cohen—Macaulay scheme X, and let k < min(e, f) be an integer. If the degeneracy
locus

Di(o):={z e X:rank(0,: E, > F,) <r}

has the expected codimension (e —r)(f —r), then, setting c(F)/c(E) =:c,

Cf—r  Cfrs1 " C(f-r)+(e-r)-1
Cfr-1 Cfr v C(f-r)+(e-r)-

(4.5) [Dy(0)] = det| ! e 2 pentn (),
Cf-e+1 Cf-et2 Cfr

In particular, we will need the following special case, in which the determinantal expres-

sion simplifies considerably:

Corollary. Let F be a vector bundle of rank f on a Cohen—Macaulay scheme X, and let

1<i< f be an integer. If the locus D where the vector bundle map
o OQ—Z-{-I N F

does not have full rank has the expected codimension i, then [D] = c¢;(F) € AY(X).

The Corollary follows from the Thom-Porteous formula: First, o does not have full rank
at x if and only if rank (am: ((9;{”1)% - Fx) < f —1, so that the expected codimension is
equal to (f—i+1-(f-4))(f-(f-1)) =1. Next, c(Of{”l) =1, so (in the notation of the
statement of Thom—Porteous) ¢ = ¢(F'). Finally, since (again referring to the statement of

Thom-Porteous for the notation) (e —r) = 1, the matrix in (4.5) is the 1 x 1 matrix c¢f_, = ¢;.
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Applying the above corollary to morphism (4.3), with f = d+ 1, i = dim(F;(X), we

obtain:

Theorem 4.3. Suppose that Uy (X) is Cohen—Macaulay and Fy(X) is either irreducible or
smooth and connected, let d > dim(Fy(X)) — 1 be an integer, and let |V| c |L| be a linear
system of degree d and projective dimension d —dim(F1(X)) + 1.

If the locus of points of Uy (X) where the morphism V &, Ox — Pg(W*L) is not full rank
has dimension one (equivalently, codimension (dim Fy(X))), then the class in A1(X) of the

locus of lines that appear in |V| is given by

(Tx)s Caim Fi(X) (Pg(ﬁ;(L))

Remarks. (i) Since U;(X) is a Pl-bundle over Fi(X), dim (X) = dim(F(X)) + 1, so
having codimension dim(F;(X)) in U;(X) is equivalent to having dimension one.

(ii) If (*), (**), (***) are true, and if |V| is general (and of degree and dimension as in
the statement of the theorem), then Proposition 4.1 shows that finitely many lines appear
in [V]. In this case, the degeneracy locus of morphism (4.3) is indeed one-dimensional, and
we can apply Theorem 4.3 to count the number of lines.

For X =P" and X = G(k,n) (the two particular cases considered below), (*) and (**) are
not difficult to verify, but (***) is not known in general.

We end this section with a minor comment regarding the initial hypotheses on X. Namely,
we claim that if X contains a line, then we can assume without loss of generality that X is
covered by lines.

Since F(X) is proper, and 7 is a proper morphism, ¢, (X') is proper, and so
Tx(U(X)) =Y cX

is a closed subscheme. For any H in |V, a line £ c Y c X is contained in the restriction H|,,

if and only if ¢ is contained in H.
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If dimY = 1, then X contains a single line (namely Y'), and it is simple to find the
hypersurfaces in |V| that contain Y (for example, by restricting the equations of a basis of
V to Y and checking if they vanish). Suppose that dimY > 2. If Y is contained in some H
in |V|, then H contains infinitely many lines. Because we will only be interested in |V| in
which only finitely many lines appear, we can restrict our attention to |V| such that Y is not
contained in H for any H in |V|. Restricting to Y, we have reduced to the case when X is

covered by lines.

4.3 PROJECTIVE SPACES

Proceeding according to the method outlined in the previous section, we find an expression

for the number of lines that appear in a linear system in projective space P".

4.3.1 TFANO VARIETY OF LINES IN P™ AND ITS UNIVERSAL FAMILY

The Fano variety Fy (P") of lines in P is the (projective) Grassmannian G(1,n) (by definition
of the two objects); the dimension of F;(PP") is 2n - 2.

The universal family over G(1,n) is isomorphic to the projective bundle P7p». To see
this (at least on the level of sets), note that for = € P, we have (P1pn), 2 P(Tpn ) = P?, and
a point v, € (PTpn ), corresponds to the class of a line in P that passes through z and has
the tangent direction v,.

Both G(1,n) and P7p» are smooth and irreducible.

Specializing the method of section 4.2 to the case of P, we then have the maps

T
P P!_bundle G(1,n)

Pr
The bundle 2 can be identified with Opr, (1) (indeed, over a point (z,[{]) of PTpn, the

fibre of Q,  is (2, while the fibre of Oprpn (1) is £ ¢ T, pn, which can be identified with

Ty, 80 Qn  and Opry, (1) agree fibre by fibre, and this identification is algebraic).
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The derivation is ¢: Qpp,, = Q”F ~ Opr,, (1), and the class of lines contained in a linear
system of degree d and projective dimension d—-2n+3 is (expected to be) given by the degree
of

TuCan-2(PH(* Opn (d))).

4.3.2 NUMBER OF LINES THAT APPEAR IN A LINEAR SYSTEM OF HYPERSURFACES OF DEGREE

d AND PROJECTIVE DIMENSION d - 2n + 3 IN P"

Chern and Segre classes of Tp.. Let H denote the linear equivalence class of a hyper-

plane in P, It is well-known that the Chow ring of P" is
A(P") = Z[H]/(H™).
From the Euler sequence
0= Opn > O > Tpn > 0
it follows by the Whitney formula that
c(Tpn) = (1+ H)™,

The total Segre class s(Tpr) = 1+51(Tpn ) +S2(Tpn ) +--- may be found by formally inverting

the total Chern class, so that

(4.6) s(Tpn) = C(;pn) = a +Ilt[)”+1 =§;}(—1)j(n;j)}]].

The computation. The general expression for CQH,Z(Pg(L)) given in Theorem 2.29 spe-

cializes to

dr w n2 d+1-k
ena (PL(n* Opn(d))) = 3 o(d+1, d+1—k)(2n_2_k

) e (5 (O (@) €1(Oern (1))
k=0
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By the push-pull formula, for any £ =0,...,2n -2,

7. (7 (e1(Oon () 24) - ¢4 (O (D)) = €1 (Opn (@) -, (e (O (1))F).

By the definition of Segre classes, for a vector bundle p: £ - X of rank e,

s;(E) = p. (c1 (Opp(1))).
Therefore, by (4.6) (together with the fact that s;(E) =0 for j <0),

(_1)k—n+1(k;1)Hk:—n+1’ k>n-1,
Ty (Cl(OPTpn (1))k) = Sk—pa1(Tpn) =
0, k<n+1.

Since

c1 (Opn ()™ 27F = (dH ) 2F,

we find that

s (PO (@)) = 3 ot awr-my g Y oo (F )

This is (the rational equivalence class of) the locus of lines that appear in one of the members
of the linear series, so it is a class in A»~1(P"). The number of lines in the locus may be
found by intersecting 7. (an_g ('P;f (W*Opn(d)))) with another copy of H. so that we obtain

the following theorem.

Theorem 4.4. Let n > 1 and d > 2n — 3 be integers, and |V| c |Opn(d)| be a linear system
of projective dimension d — 2n + 3. If the locus of points of P(1pn) where the morphism

V ®r Oppy. — Pg(WQO(d)) does not have full rank is one-dimensional, then the number of
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lines that appear in |V| is

2n-2 d+1-k\(k+1
4.7 1Y lo(d+1, d+1-k ( )( )d%“.

Ezxamples 1.  Cubic surface in P3 (d = 3, n = 3). Expression (4.7) in the statement of

Theorem 4.4 is equal to

3 4 5
0(4,2)(3)32 —0(4,1)(3)3+a(4,0)(3) =11-9-6-4-3+0=99—72=27.

Pencil of quartic surfaces in P3 (d =4, n =3).

S I I

Net of quintic surfaces in P3 (d=5, n=3).

) ST

Quintic threefold in P* (d =5, n=4).
4\ _3 B 5\ .9 (6) B (7) _
0(6,3)(4)5 0(6,2)(4)5 +o(6,1)(})5-o(6,0)() = 2575
Remark. The sum in Theorem 4.4 may also be written

23_:2 (—1)Fm 1 1(d, k)( d+1-Fk ) (k i 1) qnk

et 2n-2-k n
using the functions J(n, k) introduced in §2.6.

4.4 GRASSMANNIANS

Let V a vector space of dimension n + 1 over k. The Grassmannian G(0,PV) equals PV, so

that F1(G(0,PV)) = G(1,PV) =2 G(1,n). Similarly, as G(n - 1,PV) = G(0,PV"), we have
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Fi(G(n-1,PV)) =G(1,PVV) 2G(1,n).

On the other hand, for 1 < k <n -1, G(k,PV) is not isomorphic to a projective space.
For this section, we suppose that we are in the range 1 < k£ <n —1. The approach taken in
this section can be slightly modified to recover the results of the previous section for cases
k=1and k=n-1.

For the remainder of this section, unless noted otherwise, we identify the Grassmannian
G(k,n) with its image under the Pliicker embedding.

We find an expression for the number of lines that appear in a linear system in a Grass-

mannian G(k,n), proceeding according to the method outlined in section 4.2.

4.4.1 DEGREE OF THE FANO VARIETY OF LINES CONTAINED IN THE INTERSECTION OF A

QUADRIC AND A QUARTIC IN P°

The result of this section will be useful for checking a later computation; the section is not
logically necessary for later sections.

The Grassmannian G(1,3) = G(2,4) is the first example of a Grassmannian that is not
isomorphic to P* for some n. The Pliicker embedding Pl 3: G(1,3) — lP’(/\2 (C4) ~ IP5 sends
the affine 2-plane spanned by a pair of vectors {v,w} to the class of v Aw. A form w € A2k*
is decomposable exactly when w Aw =0, so that G(1,3) is cut out of P? (with homogeneous
coordinates [Z12 : 13 : 14 : Ta3 : Tog : T34]) by the quadric equation z19234—x13T24+X 14723 = 0.

Since Pl 5 (Ops(1)) = Og1,3)(1), the image of a degree d hypersurface in the Grassman-
nian gets sent to the intersection of a degree d hypersurface in P? with the image of G(1,3)
under Pl; 5. Therefore, the Fano variety of lines in G(1,3) may be realized as the intersection
of the Fano variety of lines contained in a quadric hypersurface in P> with the Fano variety
of lines contained in a quartic hypersurface in P5.

Let X and Y be quadric and quartic hypersurfaces, respectively, in P5>. We follow the
approach of [EH16], §6.2 (pp. 198-201) for computing the classes of the Fano varieties of

lines of X and Y in the Chow ring of the Grassmannian of lines in P°. The key proposition
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is

Proposition (Proposition 6.4 of [EH16], p. 198). Let V' be a finite-dimensional vector space,
and let S be the taultological (rank (k + 1)) subbundle on the Grassmannian G(k,PV) of
projective k-planes in PV. Let g be a form of degree d on PV, and let X =V (g) be the
hypersurface cut out by g. Then g gives rise to a global section s, of Sym? S, whose zero
locus is Fi(X), the Fano variety of k-planes in X. Consequently, when Fyp(X) has the

expected codimension (k;d) = rank(Sym? SV) in G(k,PV), we have
[F.(X)] = c(kzd)(symd SV) e A(G(k,PV)).

The fibre of the tautological subbundle S over the point parametrizing the k-plane A in
G(k,PV) is the k-plane A itself and, roughly speaking, the section s, of Proposition 4.4.1 is
obtained by restricting the global form g to A as the base point varies in G(k,PV).

The Chow ring of G(1,5) is additively generated by oy indexed by Young diagrams that
fit inside the box HEEH

The total Chern class of the dual bundle of the tautological subbundle S¥ on G(1,5) is
c(SY) =1+o+ O’H. Applying the splitting principle, we suppose that SV splits as the direct

sum of two line bundles L & M. Writing ¢1(L) := A and ¢; (M) := u, we then have
c(SY)Y=(1+XN)(1+p)=1+(N+p)+ Ay,

so that

A+ = o and A-uzaH.

Continuing to assume that S¥ splits as L & M, the bundles Sym*(S¥) and Sym?*(SV) then
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split as

Sym*(SY)=L*e (Lo M)® M*  and

Sym*(SY)=L'e (L’e M) e (L’ @ M*)® (L e M?3) @ M*.
The total Chern classes are then

c(Sym?(SY)) = (1 +2\) (1 + X+ p) (1 +2p) and

c(Sym™*(SY)) = (1 +4X) (1 + 3N + ) (1 + 21+ 21) (1 + X + 3p) (1 + 4p).
The Chern classes appearing in Proposition 4.4.1 above are

cs(Sym?(SY)) = 2A(\ + ) 24 = 4N + p) Ape = 40DJH and

cs(Sym®(SY)) = 4XN(BA + ) (21 + 2p) (A + 3p) 4y
=32(A + ) Ap(3A + ) (A + 3u)
= 32(A + ) Au(B(A + ) +4(Ap))

= 32(f|:|UH(3cr|2:| + 405).

Pieri’s formulas (§4.1) are applied several times in the following computations. We have

UD'O'HZO'Hj

(as O'H =0in A*(G(1,5))), so that

c3(Sym?(SY)) = 40’H:|.
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Next, we compute the class

c5(Sym*(SY)) = 320’DUH(30'|2:| + 405).

To begin, we have

a|2:| = O'H + 0 so that 3a|2:| + 40’H = 70’H + 30 -

Then, since
O'D'UHZUHj and UD-JEDZUEED+OH:|,
we have
oy (7crH +30) = 7UH:| + 30+ 30‘H:| = IOUH:l + 30

To compute c5(Sym*(SV)), we need the facts that

JH-UHHZUHEP and JH-UHH:UUHl,
c5(Sym*(SY)) = 320—(100—— + 30, = 3200, +300 .

The class of the Fano variety of lines contained in the intersection of X and Y (which will be
a multiple of the point class) may be found by taking the product [Fi(X)]-[Fi(Y)]. Since

(by the laws for intersecting Schubert classes of complementary dimension)

UEP-U‘:H_,:aHj:H and JEP-UHjjjzo,

we have

c3(Sym?(SY)) - e5(Sym*(SY)) = 4o-(3200, 300, = 12800, =1280[pt.],
(Sym“(5Y)) - es(Sym™(S")) Hj( ‘:H_,Jr ) mum [pt.]
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where [pt.] denotes the class of a point in the Chow ring.

4.4.2 PICARD GROUP OF FLAG VARIETIES OF TYPE Fl(k,k+1,...,k+m;n)

Fix an integer n > 1, and a vector space V of dimension n + 1 over k. For the remainder of
this section, unless mentioned otherwise, Ay denotes a projective plane in PV of dimension
k, and A} the corresponding affine plane in V' of dimension % + 1.

A (projective, m+1-step) flag variety Fi(ko, k1,...,km;n) (0<m<n, 0<ky << ky, <n)
is the variety parametrizing m + 1-tuples of projective planes ([Ax,],[Ax,],---[A,,]) such
that Ay, c Ag, c - c Ay,

The reason for our interest in flag varieties here is that (as will follow from the results of
this section) the universal family over the Fano variety of lines in a Grassmannian G(k,n)
can be identified with the flag variety Fl(k - 1,k,k + 1;n). For some of the computations in
the sequel, it will be useful to describe more generally the Picard group of a flag variety of
type Fl(k,k+1,...,k+m;n) (with 0<k<n, 0<m<n-k).

First, it is clear that Fi(k;n) = G(k,n), so that Pic(Fl(k;n)) = Z.

Next, suppose that 1 <m. For 0 <7 <m, consider the projection

piFl(k,.. . k+min) >Fl(k,...  k+i,...,k+m;n).

The fibre of p; over the point ([Ag], ..., [Akvic1], [Aksizt], - [Agsm]) 18

([Ak] yeeey [Akﬂ‘_l] , [Akﬂ] s [Akﬂq.l] e [Ak+m]) € Fl(k), cee k+ m; n)

In particular, in the fibre, [Ay;] is the class of a projective (k + i)-plane such that

Ay € Mg, J=0,
Apyict © Apri © A, 0<i<m,

Ak+m71 c Ak+m; ,] =m.
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If 7 = 0, the fibre consists of all hyperplanes in Ay, so can be identified with P¥+!; if ¢ = m,
the fibre can be identified with lines in k"1 /A and hence in turn identified with Pr-*-m;

k+m-1?

if 0 < i < m, the fibre can be identified with lines in A/, /A},, |, hence with P1. So p; is a

fibration with projective space fibres, and it follows that
Pic(Fi(k,...,k+m;n)) 2 Pic(Fl(k,... . k+i,....k+m;n)) & Z.

By induction on m,

Pic(Fl(k,k+1,... k+m;n)) = Z™

Remark. Arbitrary flag varieties can be similarly seen to be compositions of fibrations with
Grassmannian fibres over a Grassmannian, so that the Picard group of any flag variety with

m + 1 steps is isomorphic to Z™*1.

Basis of Pic(Fl(k,k+1,...,k+m;n)). It is convenient to set A_; = @ and A’; = 0. Fix
0<k<n, 0<m<n-k, and consider the flag variety Fy ,, :=Fl(k,k+1,...,k+m;n).
For 0 <i <m, introduce a curve ¢.; c Fy,, as follows: fix projective planes

A jcAicc A, cA; c--cAf, cAjf

k+i— k+i+1 k+m k+m+1

and set

Cevj = {([Ak] - [Aram]) € FU(k, .. k+msn): Ay, = A Vi#i).

The points of ¢, correspond to (k +4)-planes Ay,; with A7, c A, ., c Ay .., which are
parametrized by lines in A} /A, |, hence by P!, and it follows that (;.; is a rational

curve in Fy, .
For 0 < j < m, let m.j: Frm = G(k + j,n) denote the projection. For i # j, we see
that 7Tk+j(£k+i) = [A*

k+j] is a point; on the other hand, for i = j, 7 ;(frys) is the curve
{[Akwi] s Af o € A

c Af,...} € G(k+i,n), which we denote by lrvi- The restriction of

k+i
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Thei 0 Uy has degree one.

Lemma 4.5. We have OG(an)(l)Ek = (’)gk”(l). Therefore, under the Pliicker embedding

of G(k +1i,n), U.; is sent to a projective line.

Proof. By functoriality of pullback, Og(1)|; == (Pliyin

7..)"Op(1), so that the equality
Og(k+in) (1)| e Of;m(l) is equivalent the image of ¢}.; under the Pliicker embedding being
a curve of degree one, hence a projective line.

It is enough to check the first claim for a particular curve f.;, since any choice of
A c Afr, can be continuously moved to another by actions of elements of GL(V).

Let {vo,...,v,} be a basis of V, and let A}, , = span(vo,..., V1) and A}

k+itl —
- A 3 I* A
span(vy, ..., Uk+i+1). As observed above, affine k + i+ 1-planes A, with A}, |, c A} . c

I'* 3 3 I'*
Ajr,,, correspond to lines in A}

, N e . .
i s/ ALy 2 span (g, Vksis ), hence are in bijection with

P(span(vgsi, vgsiz1)) = P Explicitly, the correspondence is
[a: B] € P! < [span(vo, vr, . . ., Vksicts QUkss + BUksist)] € lpes € G(k +1i,7).

In turn, a plane of the form span(vg, vy, ..., Vkri-1, QUgi + BUksir1) 1S sent to

k+i+1
[V0 A+ A=t A (gt + BUk+ix1)] = [V A AVRsi—1 AVR1) + B (00 A+ AVp1i1 AVR+i1) ] €P( N\ V),

so that the image of f4,; in P(A**#1V) is a projective line, and by the remark at the start
of the proof it follows that Og(k”,n)(l)‘% = (’)glm(l). H

For each 0 <i <m, set Lyy; = 7}, ;06 k+in)(1). We use the previously introduced notation

deg, L := deg L|, for a nonsingular curve ¢ c X and line bundle L over a scheme X.

Lemma 4.6. For all 0 <1,5 <m, we have

L, i=y,
degy, . Li+i =
0, ©2+7.
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Proof. Fix 0 <1 <m.

Suppose first that j = i. Let D;,; be a divisor in ‘OG(an)(l)L Under the Pliicker
embedding, Dy, is sent to a hyperplane section of G(k+1,n) while (1.4 is sent to a projective
line (and therefore their intersection is a point). The degree of Ly len 18 (7%, Drwi) - Lo

By the push-pull formula, we have
Thrive (T i Dri) - Livi) = Divi* Thrielri = Dii - Dpws = 1.

On the other hand, the restriction of m,; to ¢;,; is a degree one morphism onto its image,
so it follows that (7, Drsi) - €rss = 1, hence that deg,, = Ly = 1.

Suppose that j # i. Let Dy,; be a divisor in ‘OG(k+i7n)(1)| that does not pass through
Thai(lrrj) = [Ak+i] € G(k +14,n) (such a divisor clearly exists, since there are plenty of

hyperplanes that do not pass through a point). By functoriality of pullback,

Lk+z’|gk+j = (7Tk+i|gk+j)*OG(k‘+i,n)(1)‘
Then
degy,, Livi = ((Mrily,, )" Disi) - liej = (Thsilgy ) (Dpri - [Arai]) = 0.
O

Corollary 4.7. The map d: Z™*"' — Pic(Fg,,) that sends (do,...,dn) € Z™ to the line

bundle doLy + -+ + dpy, Ly 1S a group isomorphism.

Proof. Composing d with the map ¢: Pic(Fy,,,) - Z™*! given by
6: L~ (deg,, L,deg, L,...,deg, L),

we obtain the identity map on Z™*! by Lemma 4.6, hence d is injective. Moreover, ¢ splits

the short exact sequence 0 - Z™*! - Pic(Fy,,) - coker(d) — 0, and since Pic(Fy,,) = Zm*,



151

it is not hard to see that then coker(d) =0, so d is also surjective. O

We have shown that the set {7} ,.Og(k+in) (1)}, is a basis of Pic(Fy ). We refer to this

basis as the Grassmannian basis from now on, unless otherwise stated.

4.4.3 FANO VARIETY OF LINES IN G(k,n) AND ITS UNIVERSAL FAMILY

By Lemma 4.5, a pair
(Ak’—lv Ak+1) € G(k - 1,’)1) X G(k + 1,”)

with Aj_; c Agyq determines a projective line in G(k,n).

The converse is true as well. Indeed, suppose that! ¢ c G(k,n) is a projective line under
the Pliicker embedding, and let {[A], [II]} be a basis of the k? corresponding to ¢ = P'. We
claim that AnTI is an affine k- 1-plane. To see this, set dim(ANnTI) = d. Let {x1,...,24} be a
basis of AnTI, and complete it to bases {z1,..., %4, Yar1,---,Yr} and {1, ..., T4, 2441, - -, 2k}

of A and II, respectively. If d < k-1, then for a.- 5 # 0, the element

Oé(.f[,'l AN ANYg—1 /\yk) +ﬁ($1 N N2 N Zk)

is not decomposable, so the corresponding point of ¢ is not contained in the image of the
Pliicker embedding. So d = k- 1. It is clear that A n1II is a subspace of every element of /.
It is also clear that dim(A +1I) = k + 1, and that every plane in ¢ is contained in A +II. The
converse is proven.

It follows that the Fano variety Fi(G(k,n)) of lines in G(k,n) is isomorphic (at least
as sets, but in fact as schemes as well) to the flag variety FI(k - 1,k + 1;n). The universal
family U, (G(k,n)) is isomorphic to the flag variety FI(k - 1,k,k + 1;n) (which is smooth,

being a homogeneous space).

Proposition 4.8. For any n and 0 < k < n—1, the Fano variety F1(G(k,n)) of lines in
G(k,n) is irreducible of dimension (k+1)(n—k)+n-2.

!The Grassmannian of affine planes is used for the argument, since this slightly simplifies the notation.
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Proof. For k=0, F1(G(0,n)) = G(1,n), so is irreducible of dimension 2(n—1) = 1(n-0)+n-2.
Similarly, for k = n -1, Fi(G(n - 1,n)) is again G(1,n), so is irreducible of dimension
2(n-1)=((n-1)+1)(n-(n-1)) +n-2.

For 0 < k <n-1, Fi(G(k,n)) = Fl(k -1,k + 1;n). The fibre of Fi(k -1,k + 1;n) —
Fi(k - 1;n) = G(k - 1,n) over [Ag_1] can be identified with the set of affine 2-planes in
knt1/A} |, so can be identified with G(1,n - k). So Fi(k -1,k + 1;n) - G(k-1,n) is a
G(1,n - k)-fibration, which shows that Fi(k—1,%+1;n) is irreducible (as both the base and

the fibre are irreducible) of dimension

dimG(k-1,n) +dimG(L,n-k)=k(n-k+1)+2(n-k-1)

=(k+1)(n-k)+n-2.

The set-up of section 4.2 specializes to

Fi(k -1,k k+1:n) —=— Fl(k-1,k+1;n) = F,(G(k,n))

P! —bundle
iw

G(k,n),

the derivation is ¢: Qpy(k-1 4 k+1;0) > $2r ., and the Chow class of the locus of lines that appear

in a linear system of degree d and projective dimension d— (k+1)(n-k)—-n+3 is (expected

t0 be) Ty 1y(nkyin2(Pg (7" Oc(d))).

4.4.4 THE CLASS OF Qr  IN Pic(FlI(k -1,k k+1;n)).

We have the following commutative diagram.
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(4.8)
Fi(k-1,kk+1;n)
T T
Fi(k-1,k;n) L Fi(k,k+1;n)
% 1 1 Pl\
G(k-1,n) e G(k,n) 5 G(k+1,n)

where P! along an arrow indicates that the corresponding morphism is a P!-fibration.

By Corollary 4.7, Pic(Fi(k - 1,k,k+ 1;n)) is a free abelian group of rank 3 with basis

{751060-1,0) (1), 064 (1), 71O+, (1)},

which as before we refer to as the Grassmannian basis of Pic.

Lemma 4.9. Let m.: Fi(k-1,k,k+1;n) > Fl(k-1,k+1;n) be the projection. The following

identity holds in Pic(Fl(k -1,k k+1;n):

Qr, =106 (k-1,0) (1) ® T Og(kn) (=2) ® 7441 O (ks1,n) (1)-

Proof. Continue with the notation of §4.4.2. In particular, L; denotes the line bundle

77 Og(iny (1), €r-1 denotes the curve

{([Ak—l] ) [Al:] ) [AI:H]) : AZ—Q CAp1 Al: c AI:+1} c ]Fl(k -1,k k+ 1;n)

*

for a fixed choice of projective planes A; ,, A;, Ay |, and curves /; and ¢}, are constructed
similarly. We have deg,, L; =11if i =7 and 0 if ¢ # j.

Writing the class of €2, in Pic(Fl(k -1,k k+1;n)) in terms of the Grassmannian basis,

Q,,F =alp1+bLy+cLliy for some a,b,c € Z,
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and the coefficients may be found as degrees of restrictions of Q2  to the curves £;: namely,

a= degek_1 Q”F’ b= deggk QTFF’ c= deggk+1 Q

7TF’

b=-2. Indeed, ¢ = 7 (([A;_,] . [Af,1])) is a fibre of 7., so Q. 0= Qp,, = Oy, (-2) (since

the cotangent bundle of P! has degree —2).

a =1. Consider the diagram

T k+1

Fi(k -1,k k+1;n) —25 Fi(k,k+1;n)

PllﬂF

Fi(k-1,k+1;n)

Let IT} and I}, be fixed planes. The fibre of m, , ., over ([H,’;] , [H;H]) consists of k—1-planes
Ak-1 contained in II¥, which are in correspondence with P(IT}*)Y = Pk,

The curve f,_; corresponding to the pair A; , ¢ A} is contained in fibres of the type
7T’;1,H1(([AZ] ) [HZH])), where II7 , is an arbitrary & + 1-plane containing A;. Fix a choice of
li—1 and a choice of fibre of 7T,;1,€+1(([A,:] : [AZ+1])) ~ Pk containing £j_;.

We show that 77

- Opr(-1), which will be enough to show that a = 1. We recall
that the tangent space to a Grassmannian G(k,V') at [A] is canonically identified with
Homy (A, V//A). At a point = = ([Ag_1], [A,’;] : [AZH]) (which is contained in the fibre of 7,
over the point of FI(k -1,k + 1;n) corresponding to Ay_; ¢ A}, ), the relative tangent space

(T%, )+ along the fibre is then identified with
Hom (A /Ay, A /A = (A /A )Y.

(although the last isomorphism depends on a choice of an isomorphism A}, /A = k, this
choice can be made consistently with varying A}_,, since both A}* and A}, are fixed). Since

(AfF/AS,_,)Y is the dual of the cokernel

0— A;c—l - A;c* - A;:/A;f—l -0,
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it corresponds to a choice of line in (A}*)Y, namely the line of linear functionals on A}’ that
vanish on A] ;. But the latter is exactly the fibre of the line bundle OP(A;;V)(_D over .
This then yields an algebraic fibrewise identification of T, o with Opr(-1).

Dualizing, we find that €2

o 2 Opi(1), and so deg,, ;. = deg,  Opr(1) =1, which

shows that a = 1.

¢ =1. The computation is similar to the case a = 1. Consider the diagram

Th-1,k

Fi(k -1,k k+1;n) —5 Fi(k-1,k;n)

[PI\LWF

Fi(k-1,k+1;n)

The points of a fibre of m,_, , over ([AZ—l] : [AZ]) € Fl(k-1,k;n) correspond to lines in V'//A,
hence the fibre can be identified with P(V'/A}) = Pr-k-1,

On the other hand, the fibre of the relative tangent bundle 77 over
z = ([Aioa]s (AR [Aka])
is identified with
Hom (A} /A1, A JAYT) = Hom(k, Ay JAYT) = Aji/AY

(the isomorphism A}*/A}* | = k can again clearly be chosen consistently as A}, varies). The
latter is exactly the fibre of Op(y, Ag)(—l) over x, and after dualizing, we similarly conclude

that €
F

, 2 Opn-r-1(1), so degy, | Q =degy,  Opn-r-1(1) = 1, which shows that ¢ =1.

™

Pn—k-

]

Another basis of Pic(U;(G(k,n))). Let S and @ be the tautological sub- and quotient-
bundles over G(k,n).
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Over [A] € G(k,n), we have the exact sequence of fibres

112

0 — Sap = (O ™)y — Qray = 0 0= A — k™t — kA — 0.

A point in Py, (k"*1/A) corresponds to a line in k™*'/A, hence an affine k + 2 plane A’
containing A. Projectivizing, we obtain a projective (k+1)-plane with PA c PA’. Conversely,
a projective k + 1-plane containing A determines a point of Py, (k"*1/A), and we have the

following identification (as projective bundles over G(k,n)).
Fi(k, k+1;n) 2 Pap(Q).-

Dually, a point of P(AY) can be identified with an affine hyperplane in A, i.e. an affine plane
A" of codimension one in A. We obtain the following identification of projective bundles
over G(k,n):

Fi(k-1,k;n) =Py (SY).

Finally, we also have the identification FI(k—1,k, k+1;n) 2 P(SY) xg k) P(Q). After making

these identifications, we have the commutative diagram

P(SY) *g(km) P(Q)

(4.9) R ACY ™ P@)
G(k-1,n) G(k,n) G(k+1,n)

We would next like to demonstrate that the line bundles ¢; Opsv (1), ¢5Opq(1), together with
7*Og k) (1), are another basis of Pic(FI(k - 1,k,k + 1;n)) (which will be more convenient

for the compuation of the number of lines).

Lemma 4.10. In Pic(FI(k - 1,k,k + 1;n)) = Pic(PSY xgun) PQ), we have the following



157

identities.

41 Opsv (1) = T Og k-1,0) (1) ® T Og(k,n) (—1),

45 0pq(1) = 73,1 Og (ks1,0) (1) ® T Og(k,ny (—1).

Proof. We prove the first identity; the proof of the second is similar. By commutativity of

(4.9) and functoriality of pullback, it is enough to demonstrate the identity
Opsv(l) = TIOG(k—Ln)(l) ® pIOG(k’n)(—l) in PIC(]FZ(]{? - 1, k; n) = PIC(]P)SV)
By Corollary 4.7, Pic(Fl(k - 1,k;n)) is isomorphic to Z? with basis

{TIOG(k—l,n)(l)a pIOG(k,n)(l)}a

so that we have
(4.10) Opsv(1) = 11 Og k-1,n) (@) ® p1Og (k) () for some a,b € Z.

Let ¢, by the curve in Fi(k -1, k;n) that was denoted ¢;_; in §4.4.2 (so that ¢, is determined
by a choice of projective planes A; , c A}, r1({,) = (, =Pt and p(4,) = [AZ]L similarly, let
¢, the curve in Fi(k - 1,k;n) that was denoted ¢ (so that ¢, is determined by a choice of
projective planes A ; c Ay, ri(4,) = [AZ_J and p;({,) = Ep > P,

By Lemma 4.6,

deg 1101 (1)], =1, deg p{Ocqim (1), =0,

deg r{Og1m (D], =0, deg piOcgim (1], = 1,

so we see that a = deg Opsv(1)],, and b = deg Opsv(1)|,, (where a and b are as in the equality
(4.10)).
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We first show that a = 1. PSY is a projective bundle over G(k,n), and ¢, is contained in
the fibre of PSY over [A,’;], namely P(A;Y), which is naturally identified with G(k - 1, A})
(¢, corresponds to the pencil of k — 1-planes in G(k - 1,A}) that contain A; ,). A general
divisor in |Opgv(1)| will intersect each fibre of PSY — G(k,n) in a projective hyperplane, and
it follows that the intersection of £, with a general divisor in |Opgv(1)]| is equal to a point.

This shows that a = deg Opsv(1)], = 1.

We now argue that b= 1. Recall that £, = p;(£,) denotes the image of £, in G(k,n) (¢,
is a line in G(k,n) determined by A} | ¢ A},,). Let P,_; denote a trivial vector bundle of
rank k over [p, together with an injective morphism Py — S| J that in the fibre over the

point [Ax] € G(k,n) corresponding to the projective k-plane A is given by

112

(Pr-1)a,] (5|e;,)[Ak Ay e Ay

]

Now the cokernel of Py_; — S|; is a line bundle over 0, = P!, hence is Oy (d) for some
integer d. By additivity of degree on short exact sequences of vector bundles, we know that
d = deg(S];) (since a direct sum of trivial bundles has degree 0). On the other hand, since

c1(S) = —oq is the negative of the class of a hyperplane section, we have
deg( S|[p) =c1(5) 'Ep =-1
Therefore, we have the following short exact sequence of vector bundles.

(4.11) 0 —e*0; — S| — Oy (-1) — 0.
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But we have

Eth(O[p(—l)a @koe;) = Eth(O[p: @koz},(l))

-6t H'(0;,(1)) =0,

so (4.11) splits, so that S| = (ea’“O[p) ® Oy (-1). Taking duals, SV|; = (@k(%p) ® 0 (1).

On the other hand, if F is a vector bundle over a scheme X, and L is a subbundle of £
of rank one, then Opg(-1)|p(;) = L. Therefore, since P(O; (1)) = (,, we have Opsv(-1)|; =
Oy (1), and the conclusion follows upon taking duals.

O

Therefore {q; Opsv (1), 7°Og(1), ¢5O0po(1)} is another basis for Pic(Fl(k-1,k,k+1;n)).
We have

QﬂF = qfO]}DS\/(l) ® (]50]}»@(1)

Set
Hy =qici(Opsv(1)), Hy=7m"ci(Oc(1)), Hs=qg5c1(Opg(1)).

Lemma 4.11. For any integers a,b,c such that a+k>0, b>0, n—-k-1+c¢>0,

k b el (-1)**¢o,0%01e, a>0 andc>0,
. (H{ ™ Hy HY7PH¢) =

0, otherwise.

Proof. Since ¢1(Og(1)) = 01, by the push-pull formula we have
W*(H{ﬁ—a Hg Hg—k—lﬂ:) =T, (H{c+a Hg—k—1+c) 0_11)'
By functoriality of pushforward (and push-pull once again), the latter is equal to

P [qus (HE HE 9] o8 = pr[gns (HE19) e (Opsv (1))F4] o
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Since py, po are flat and projective, by [Ful98, Proposition 1.7], for any o € A*(PQ) we have

the identity

* *
Q1,42 = D1 P2+ (.

In particular,

Q1,*H§L—k—1+c = %,*QSQ(OPQ(l))”"“‘“C - pfpz*cl(@pQ(l))"_k_“C.
Applying the push-pull formula once again, we have
prs (a1 (Hgfk&w) Cl(OIPSV(l))kM] o} =pr (Cl(O[PSv(l))kJra) P2« (01(0111@(1))”"“’1*6) ob.

Since SV is a rank k + 1-bundle and @ is a rank n — k-bundle over G(k,n),

Sa(SV)7 aZOa 50(@)7 CZO,
p1+c1(Opsv (1)) = and pa.c1(Opg(1)"7F17¢) =

0, a<0, 0, c<0.

By the tautological exact sequence for S and @ it follows that ¢(S)c(Q) =1, so s(Q) = ¢(.5)
and s.(Q) = ¢5(S) = (=1)¢oye. Similarly, s(SY) = ¢(QV), so that s,(SV) = c.(QY) = (-1)%0,,

and the statement of the lemma follows. ]

4.4.5 NUMBER OF LINES THAT APPEAR IN A LINEAR SYSTEM OF HYPERSURFACES OF

PLUCKER DEGREE d AND PROJECTIVE DIMENSION d — (k+1)(n—k)-n+3 IN G(k,n)

Set f=dim F1(G(k,n)) = (k+1)(n-k)+n—2. The general formula for the fth chern class

given in Theorem 2.29 specializes to

d+1-1

cr (P4 (7 0g(d))) = i

7

0(d+1,d+1—z’)(

f . )
)er (7 (Os(@)) ™ (O, )
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and

=i i —i —i i —ii i j —i pyi-j
&1 (7 (Oa(d)) ™ e1(O, ) =/~ H{ ™ (Hy + Hy) = ! Z(,)H{Hg Hid

J=0

so that

TWCy (Pg (W*Og(d))) = Za(d+ 1,d+1-1)

7

(d+1—z’

f
~ i

)df—i D (Z,)m(Hf H{7 HI).
J

J=0

To compute the number of lines, we need to multiply m.c; (Pg (W*Og(d))) (the class of the
locus of lines) by another copy of the hyperplane class oy, and it will be beneficial to carry
out this multiplication at the present stage.

We first focus on the terms

oy -m (HI HI 7V H) = 0y .W*(H{H(j*k)Hg—iH;@fkflJr(i—j—?HkJrl))

= (-1)"o, ol oyijensa when j2k and i-j2n-k-1.

The last term is a class of degree dim G(k,n) (as it should be). We turn our attention to

the following subproblem: compute the triple product

0,001, a+b+c=dimG(k,n).

By either of Pieri’s formulas, the product o, o1c (with a >0, ¢ > 0) has just two terms:

Oq01c = Ogi110-1 + Og 1c (for example, Jm-aﬁza Tt O I).

Both of the terms are hooks. Let A\, 5 = (a+1,17) denote the hook with « horizontal boxes

and [ vertical boxes, not counting the corner box (for example, A\3» = [T111), such that

O<a<n-k-1and 0< S <k. Note that |\, 5| =a+8+1.
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We have reduced to the problem: compute
ojor., b+a+B+1=dimG(k,n).

On the other hand, as described in §4.1, we have ¢} = iul=b Ju O, where f, is the number
of standard Young tableaux with shape p. By the law for multiplying Schubert classes of

complementary dimension,

O-ll)o-)\a,ﬁ = ( Z f;u' O-IL) O-)\a,B = fl"a,ﬁ [pt] ?
|pe|=b

where pi, 5 is the complementary diagram to A, s with respect to a (k+1) x (n—k) box (for

example, in G(3,8), uso = ).

Set fop:i= fﬂa,[ﬁ"

Computing f, 3. (k+1)x(n—-k) box. As a first case (that will be useful for computing

fa,3), we compute the product of hooklengths of the (k+ 1) x (n - k) box.
The hooklengths are

n |n-1\n-2| ... |[k+3|k+2|k+1
n-1{n-2{n-3| ... |k+2|k+1| &k
4 3 2
n-k 3 2 1

(n—k+£)!

The product of hooklengths in (¢ - 1)st row from the bottom (0 < -1 < k) is 55—, so

the product of all hooklengths is
E(n-k+1)!

=



163

and (since the diagram contains (k + 1)(n — k) boxes),

(# boxes)!
Product of hooklengths

=((k+1)(n-k))! 1’[ k+£)'

(k+1)x(n-k) box with a hook removed from the lower-right corner. We illustrate the

approach with a running example (with k=4, n—-k =6, « =3, § =2). The hooklengths are

10

DO O O &
=N | Ot
—

W= |

N O | ©
=] Ol O 00| ©

First, discard the boxes in the bottom row and the right column, obtaining

1019|7165
918|654
71614132
615321

The resulting filling is nearly the filling of hooklengths in a (k+ 1) x (n— k) box. In fact, we

can return to the latter case by adding a row and a column:

1098|765
9187|654
81716543
716154132
61514321
By the previous case, the product of hooklengths in this diagram is ngzo ("_Z+e) LTt is now

necessary to divide the above product by the entries in the added row and column.
The added row is (5 + 1)st in the diagram, so its product of hooklengths is (n=h+B)! k+ﬂ L. the
product of hooklengths in the added column (which is (a+1)st) is (a+1)(a+2)--(a+1+k) =

W The row and the column intersect in a single box with hooklength o+ 3 + 1, and,
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since it is divided out twice, it is necessary to multiply the result back by this number.

Finally, the two removed pieces of the diagram contribute

(n-k-a-1)! (bottom row)

(E+1-8-1)!=(k-7)! (right column)

The product of hooklengths of i, s is therefore

E(n-k+10)! a! !
(g 12! )(k+1+a)'(n Frpy @A Dok am ik =5)!

(For the example, this gives 118,513,704, 960,000, which agrees with what is obtained
by simply multiplying out the hooklengths.)
We conclude that

(4.12)

k 0 ) (k+1+a)(n-k+p)!

faﬂz((""”)(”‘k)‘o‘_ﬂ_l)!(ﬂ (—k+0)! ) alB(a+B+1) (n—k-a-1)(k=p)

Note that this derivation is valid when a=0 or =0 (or both).

Returning to the number of lines computation. Adopt the convention that f, =0
if a>n-k-1or >k (in these cases the hook does not fit into a (k+ 1) x (n - k) box).

The triple product o,0%0;. is equal to

U?(O-Xa,cq + O-Aaa,c) = (fa,c—l + fa—1,6)7 a>0, c>0,

b _ —
0007 = 1,00 fa 1,05 a>0, c=0,

a

Uao-ll)o-lc =

b _
01010—010/\0c1 fo.e-1, a=0,c>0,

((k+1)(n k))'né 0 (n—k+0)! k+g)n a=0, c=0

(multiplied by the class of a point, in each of the four cases).
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Neglecting the sign for the moment since it depends only on ¢ and n, and adopting the

convention that a sum indexed by the empty set is equal to 0,

i . i—n+k+1 7
Z( )01 7T*(H] Hf ZH’ ]) = Z () gj- ka{ " 101i—j—n+k+1
7=0 j J

For 7 <n -1, the sum is empty. For ¢ =n — 1, the sum has only one term, which is equal

to

( )((k+1)(n k))vn% (in case i =n 1),

éo(n

For : >n -1, we have

17—

n+1 .
Z( ! )0’0’ R
a 1 17,777,#»70,
= \k+a

1 g 1
k fO,i—n + ( (k + ) (fa,i—n—a + fal,in(al))) + (k’ Yi-n+ 1)f7l—n,0

a=1

((k:+a) " (k’+a+ 1))fa,i—n—a
D] PR FR

>

a=0

Il
S~

- Q

k+a+1

Since f,p = 0 when a > n -k -1, the upper bound of the summation can be refined to
M; :==min(i-n, n—-k-1). Similarly, since f, 3 =0 when 3 > k, we should have i-n-a <k, so
that i—n—k < a; the lower bound of summation can then be refined to m; := max(i—-n-k, 0).

The region of summation is then the parallelogram below (the sum is taken over the

integer points of the parallelogram).
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a .7 .7

Figure 4.1: A typical parallelogram of summation.

The sum then becomes empty when ¢ —n—-k>n—-k-1, i.e. when ¢>2n—1. Comparing
this to the previous upper bound on i, we note that 2n — 1 < f if and only if 2n -1 <
(k+1)(n-k)+n-2, which in turn is equivalent to 1 < k(n -k —1). The latter inequality is
false only when k=0 or k=n-1 (since k >0, n-k—-12>0), i.e. only for G(0,n) = P" and
G(n—-1,n) 2P". (In these cases, the upper bound on the index was indeed 2n — 2, which is
lower by 1).

Now, by (4.12) (note that “a++1"=(a)+(i-n-a)+1=i-n+1),

( 1+1 ) fa,i—n—a
Bt as 1) (k4 1)(n-k) - (i = n+ D) (Mo ety

~ (i+1)! (E+a+ D) (i-k-a)!
C(k+a+D(i-k-a) a(i-n-a)(i-n+1)(n-k-1-a)!(n+k-i+a)
(+1) 1 1 1

al  (i-n-a)li-n+l1(n-k-1-a)l(n+k-i+a)

:(i+1)(i+1—a)! 1 1

a J(i-n-a)li-n+1(n-k-1-a)l(n+k-i+a)!
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Set
(n;l)) 1=n-1,
Bi3=
M (i+1)(i+l—a)! 1 ,
Z : - , 1>n-—1,
S\ a J(i-n-a)l (n-k-1-a)l(n+k-i+a)
where

m; =max(i-n -k, 0),

M; =min(i-n,n-k-1).

Noting that (k+1)(n-k)—i+n—-1=f—-i+1, we get the following theorem.

Theorem 4.12. Letn >0, 0<k<n-1, f=(k+1)(n-k)+n-2=dim(F,(G(k,n)), d> f-1
be integers, and |V'| c ‘OG(km)(d)‘ be a linear system of projective dimension d+1— f. If the
locus of points of Fl(k—1,k,k+1;n) where the morphism V ®, Opi(k-1 k. kin) = Pg(ﬁ*(’)(g(d))

does not have full rank is one-dimensional, then the number of lines that appear in |V| is

k 2n-1 , d+1- (f-i+1)!
4.1 —1)i-n+l 1 1-1 ( )B fridl © T
w Mgy 2,0 e ) mor S

(In the statement of the theorem, we have adopted the convention that when i = n -1, the

(fi)

denominator of the expression is equal to 1.)

Remark. Expression (4.13) can be rewritten as

i 14 2ol d+1- (f-i+1)!
i—n+1 f—i
ﬂ(n k+10)! 1;1( b I, )( )Bd i-n+1"

using the functions J(n, k) introduced in §2.6.

Ezample. We check that in the case of a single hypersurface in G(1,3) the value of (4.13)

agrees with the previously computed count of 1280 lines (§4.4.1).
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The parameters are k=1, n=3, f=(1+1)(3-1)+3-2=5, d=f-1=4. The

parallelogram of summation is

(4,1) (5,1)

(3,0) (4,0)
Figure 4.2: The parallelogram of summation for the case of a quartic hypersurface in G(1,3).

We compute that

2
B () -2
—0)!
:( +1)(3+1 0)! 1 1411 1 o4
0/(B-3-0)(3-1-1-0)!(3+1-3+0) -1
_(4+1)(4+1—0)! 1 (4+1)(4+1—1)! 1
Lo /@-3-00(B-1-1-0)(3+1-4+0)! (A=3-1) 3-1-1-1)1(3+1-4+1)!
|
_p 2t +5-3 L 190+120 = 240,
11 0l 0l 01!
(5+1)(5+1—1)| 1 I B
T G-4-1D!I (3-1-1-1)I(3+1-5+1)1 0 o0

Also,
oo -
it (n- k;+€)' 2! 31 12

Since d + 1 = f in the case of a single hypersurface, (d}f Z) =1 for all 7.

The relevant Stirling numbers of the first kind are
0(5,5)=1, o(5,4)=10, 0(5,3)=35, 0o(5,2)=50, o(5,1)=24,

and o(5,k) =0 for other k.

The summation of (4.13) becomes

1 4! ! 2! 1!
E(0(5,3)~2-43-T—0(5,2)-24'42-3T+a(5,1)'240-41-5—0(5,0)'720-40-5)=1280.
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Duality. Because of the identification G(k,n) 2 G(n—-k—-1,n) (together with the fact that
this identification yields an isomorphism between Og ) (1) and Og(-k-1,n)(1)), the value
of the expression (4.13) should be invariant under the involution k& <> n -k - 1. Although
this may not quite be apparent, it may be checked as follows.

Let 11}, denote the set of integer points of the closed parallelogram with vertices
(n,0), 2n-k-1,n-k-1), 2n-1,n-k-1), (n+k,0)

(this is the region of summation found above). Let

k

d+1- (f - i+ Db
. 1 i-n+1 d 1 d+1- ( )df i\ " )
pk,n7z,a 1:[0 n k+€)'( ) U( + + Z) f i i-n+1

><(z+1)(z+1—a)! 1

(i-n-a)l (n-k-1-a)!l(n+k-i+a)

Then the involution (i, a) <> (i, i —a —n) of Z? restricts to a bijection between Il , and
Wkt a0 Py i 0 = Pkt miionea (both facts are simple to check). Consequently, (4.13)

is invariant under k < n -k - 1.

Comparison with the result for P?. In this paragraph we check that formally setting
k =0 in formula (4.13) recovers formula (4.7) for projective space, with the following change:
because f < 2n -1 in this case, the upper bound of the summation should be ¢ = 2n - 2

instead of i =2n-1. When k=0, f =1(n) +n-2 =2n-2 = dim(P7p-). We obtain from

(4.13)
| 2n-2 _ _ 1\
O_Z(l)znl d+1d+1—2)(d+1 Z.)BidQanM'
n!, 52 2n—-2-1 1—-n+1

Comparing with (4.7), we see the two formulas are equal if and only if

(2n-1-3)!

i+ 1
&0 1) ‘:(ZJr ) foralle=n-1,...,2n-2.
1-n n!

n
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For i = n — 1 (recalling that in this case the i —n + 1 in the denominator is by convention

equal to 1), we have

B (2n-1-(n-1))! _(n—l)n! :1:(71)‘

"(n-1)-n+)n! \ 0 /n n
Suppose that i > n. The lower and upper bounds of summation are
m; =max(i—n, 0) =i-n, M;=min(i-n,n-1)=i-n,

since 2 —n <n-1if and only if s < 2n-1. Thus m; = M; =i —-n and each B; has just one
summand (geometrically, the parallelogram of summation “collapses” onto a diagonal side

(side of slope one).) We compute that

i-n+1

B'(2n—1—i)!:((i+1)(n+l)! 1 ) (2n—1—z’)!:(i+1) n+1 _(i+1)
‘(i-n+1)n! i-n) 0 (2n-1-9)!-0') (i-n+1)n! \n+1 n )
so that (4.7) is indeed obtained.

The case k = n— 1 can be checked similarly (geometrically, this corresponds to the
parallelogram of summation “collapsing” onto a horizontal side).

For k=0 and k£ =n -1, the Fano variety can be identified with a single-step flag variety,
and its universal family with a two-step flag variety. The approach of this section can be

modified to this set-up with few differences.
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